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Summary. — The experimental realization of stable, ultracold Fermi gases near
a Feshbach resonance allows to study gases with attractive interactions of essen-
tially arbitrary strength. They extend the classic paradigm of BCS into a regime
which has never been accessible before. We review the theoretical concepts which
have been developed in this context, including the Tan relations and the notion of
fixed points at zero density, which are at the origin of universality. We discuss in
detail the universal thermodynamics of the unitary Fermi gas which allows a fit free
comparison between theory and experiment for this strongly interacting system.
In addition, we adress the consequences of scale invariance at infinite scattering
length and the subtle violation of scale invariance in two dimensions. Finally we
discuss the Fermionic excitation spectrum accessible in momentum resolved RF-
spectroscopy and the origin of universal lower bounds for the shear viscosity and
the spin diffusion constant.
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1. – FESHBACH RESONANCES
The very notion of a strongly interacting gas seems to be a contradiction in itself,
so we start by discussing how strongly interacting gases can be realized and why this is
possible only with Fermions not, however - at least in equilibrium or without an optical
lattice - with Bosons.
A gas requires densities n which are low enough that the average interparticle spacing
n−1/3  re is much larger than the range re of interactions. In order to have nontrivial
correlations in a gaseous state, the temperature has to be small enough that the ther-
mal wavelength λT is of the order of or larger than the interparticle spacing. At these
temperatures, the wave nature of the particles becomes relevant. In contrast to the non-
degenerate limit, interactions can then no longer be described by point like collisions of
particles which approach each other on distances of order re. Instead, the relevant scale
which determines the strength of the interactions is the scattering length a, which may
be much larger than the interaction range re. Now, as will be shown below in Eqs. (7)
and (16), the effective range of the interactions at low energies turns out to be essentially
the van der Waals length lvdw. Irrespective of their interaction strength, ultracold gases
are thus characterized by the following hierarchy of length scales
(1) lvdw  n−1/3  λT .
Since lvdw  λT , the thermal energy is necessarily much smaller than the centrifugal
barrier, which is of order Evdw = ~2/ml2vdw for interactions with a van der Waals tail
as in Eq. (2) below. As a result, the two-body interactions are due to s-wave scattering
only. The distinction between weak and strong interactions now depends on whether the
associated scattering length a is much smaller or larger than the average interparticle
spacing n−1/3. The former limit is in fact the standard situation because, as follows
from Eq. (5), generic values of the scattering length are of the order of the van der Waals
length lvdw, which also determines the effective range re. Using Feshbach resonances,
however, the scattering length can be increased to values far beyond typical interparticle
distances, which are about 0.5µm, still keeping the effective range of order lvdw i.e. in the
few nm range. This allows to realize ultracold gases with strong interactions n1/3a 1.
1
.
1. Two-body scattering . – We start by recalling some elementary facts about two-
body scattering at low energies, using a simple toy model [1], where the van der Waals
attraction at large distances is cutoff by a hard core at some distance rc on the order of
an atomic dimension. The resulting spherically symmetric potential
(2) V (r) =
{
−C6/r6 if r > rc
∞ if r ≤ rc
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involves two quite different characteristic lengths, namely rc and the van der Waals length
(3) lvdw =
1
2
(
mC6
~2
)1/4
which is determined by the strength C6 of the attractive interaction at large distances.
For alkali atoms, which are strongly polarizable, this length is typically on the order of
several nano-meters, much larger than the atomic scale rc. As a result, the potential (2)
supports many bound states. Moreover, the low energy scattering properties in the limit
lvdw  rc are essentially determined by the van der Waals length lvdw.
To see this, we recall that the scattering length a and effective range re are defined
by the low energy expansion
(4) f(k) =
1
k cot δ0(k)− ik →
1
−1/a+ rek2/2 + · · · − ik
of the s-wave scattering amplitude. For the simple model potential (2), the exact expres-
sion [1]
(5) a = a¯ [1− tan (Φ− 3pi/8)]
for the scattering length shows that its characteristic magnitude is set by the mean
scattering length a¯ = 0.956 lvdw, which is basically identical with the van der Waals
length. The short range part of the interaction, which is sensitive to the hard core scale
rc, only enters via the WKB-phase
(6) Φ =
∫ ∞
rc
dr
√
m|V (r)|/~ = 2l2vdw/r2c  1
at zero energy. Scattering lengths with a magnitude much larger than a¯ thus only arise
near a zero energy resonance, where the phase Φ happens to be close to a value where
the tan in Eq. (5) diverges and an additional s-wave bound state is pulled in from
the continuum. Concerning the effective range re, the exact result for the toy-model
potential (2) is [2]
(7) re = 2.92 a¯
(
1− 2 a¯
a
+ 2
( a¯
a
)2)
.
It is positive, with a typical magnitude which is again set by the van der Waals length,
unless a a¯. In contrast to what might have been expected naively, the effective range
in low energy scattering is thus much larger than the short range scale rc. The property
re  rc is in fact a generic result for low energy scattering in long range potentials,
provided the number Nb ' (lvdw/rc)2 of bound states is much larger than one [2].
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2. Feshbach Resonances. – The regime of strong interactions in dilute, ultracold
gases can be reached by exploiting Feshbach resonances, which allow to increase the
scattering length in a systematic manner to values far beyond the average interparticle
spacing. In the following, we will focus on the case of magnetically tunable Feshbach
resonances and their minimal description in terms of a two-channel model. For a detailed
exposition of the subject, see the review by Chin et.al. [3].
Quite generally, a Feshbach resonance in a two-particle collision appears whenever
a bound state in a closed channel is coupled resonantly with the scattering continuum
of an open channel, as shown schematically in Fig. 1. Taking the specific example of
fermionic 6Li atoms, which have electronic spin S = 1/2 and nuclear spin I = 1, for
typical magnetic fields above 500 G, the electron spin is almost fully polarized by the
magnetic field, and aligned in the same direction for the three lowest hyperfine states.
Low energy scattering of two lithium atoms is thus essentially determined by the triplet
potential. At any finite field, however, the initial configuration is not a pure triplet. The
spin dependent part Sˆ1 · Sˆ2 (Vt(r)− Vs(r)) of the full two-body interaction thus couples
the initial state to other scattering channels, provided only that the z projection of the
total spin is conserved. The closed channel consists of states in the singlet potential
Vs(r) which has the same strength of van der Waals attraction than Vt(r) but differs
considerably at short distances, with a much deeper attractive well for the singlet. When
the atoms are far apart, the Zeeman+hyperfine energy of the available closed channel
states exceeds the initial kinetic energy of the pair of atoms by an energy on the order of
the hyperfine energy. Since the thermal energy is much smaller than that for ultracold
collisions, the channel is closed and the atoms always emerge from the collision in the
open channel state. Yet, as will be derived below, the coupling to the closed channel
gives rise to a resonant contribution to the effective open channel interaction and thus
allows to reach scattering lengths much larger than their characteristic values of order a¯.
What makes Feshbach resonances in the scattering of cold atoms particularly useful,
is the ability to tune the scattering length simply by changing the magnetic field. This
tunability relies on the finite difference ∆µ in the magnetic moments of the closed and
open channels, which allows to change the position of closed channel bound states relative
to the open channel threshold by an external magnetic field. A standard parametrization
for the magnetic field dependent scattering length near a particular Feshbach resonance
at B = B0 is given by
(8) a(B) = abg
(
1− ∆B
B −B0
)
→ − ~
2
mr?ν(B)
+ . . . .
Here, abg is the off-resonant background scattering length in the absence of the coupling
to the closed channel, while ∆B describes the width of the resonance expressed in mag-
netic field units. More generally, as indicated in the second form of Eq. (8), it is often
sufficient to focus on just the resonant contribution to the scattering length, which is
inversely proportional to the detuning ν(B) = ∆µ(B − B0) away from the resonance.
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Fig. 1. – Atoms prepared in the open channel undergo a collision at low incident energy. The
coupling to a bound state in the closed channel near zero energy leads to a scattering resonance.
The position of the closed channel can be tuned with respect to the open one by varying the
magnetic field B (from Ref. [4]).
This dependence defines a characteristic length r? > 0 (1), whose inverse turns out to be
a measure of how strongly the open and closed channels are coupled.
A microscopic description of the resonant contribution to the scattering length can
be obtained within a two-channel model: two atoms in an open channel are converted
into a closed channel bound state and back with an amplitude which is determined by
the strength of the off-diagonal coupling W (r) induced by the spin-dependent interaction
proportional to Vt(r) − Vs(r), as discussed above. For a two-component Fermi gas, the
effective Hamiltonian is
Hˆ =
∫
d3x
[∑
σ ψˆ
†
σ
(− ~22m∇2)ψˆσ + Φˆ†(− ~24m∇2 + νc(B))Φˆ
+g˜
∫
d3x′ χ(|x− x′|)
(
Φˆ†(x+x
′
2 ) ψˆ↑(x)ψˆ↓(x
′) + h.c.
)]
.(9)
Here, the fermionic field operators ψˆσ(x) describe atoms in the open channel, with
a formal spin variable σ =↑, ↓ distinguishing two different hyperfine states. The bound
(1) Formally, the length r? may be defined by abg ∆µ∆B = ~2/mr?. The proper definition, as
given in Eq. (46) below is, however, independent of a specific parametrization of a(B) as in (8).
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state in the closed channel is denoted by the bosonic operator Φˆ, which is often called the
dimer field. Its energy νc(B) measures the detuning of the bare closed channel bound
state with respect to two atoms at zero energy. The coupling is characterized by a
strength g˜ and a cutoff function χ(x), which only depends on the magnitude r = |x−x′|
of the distance between two atoms in the open channel, consistent with the pure s-
wave nature of scattering. The function χ(x) is normalized by
∫
x
χ(x) = 1. Its Fourier
transform χ(q), which depends on q = |q| only, thus obeys χ(q → 0) = 1. As will
be shown below, the characteristic range of the cutoff function is essentially the mean
scattering length. The conversion between the open channel scattering states and the
closed channel bound state is therefore spread out over a separation of the order lvdw
despite the fact that the coupling itself becomes strong only near the short distance scale
rc. The absence of a term quartic in the fermionic fields in (9) implies that background
scattering between Fermions is neglected. This is justified close enough to resonance
|B −B0|  |∆B|, where the scattering length is dominated by its resonant contribution
ares ∼ −(r?ν)−1.
For just two atoms, the model in (9) is equivalent to an an off-diagonal coupling [5]
(10) Wˆ |φres〉 = g˜
∑
k
χ(k) ||k〉 and Wˆ ||k〉 = g˜ χ(k) |φres〉
which transfers a single bound state |φres〉 in the closed-channel into a pair of atoms with
opposite momenta k,−k in an open channel state ||k〉 and vice versa. The associated
two-body problem can be reduced to a coupled eigenvalue equation in momentum space
~2k2
m
α(k) + g˜ χ(k)
√
Z =E α(k)
νc(B)
√
Z + g˜
∑
k
χ(k)α(k) =E
√
Z .(11)
by decomposing an eigenstate with energy E = ~2k20/m in the form
√
Z |φres〉+
∑
k α(k) ||k〉,
with Z as a measure of the closed channel admixture. The set of Eqs. (11) can be solved
easily, giving
(12) α(k) = (2pi)3δ(k− k0) + g˜
2γχ(k)/(E − νc)
E − ~2k2/m+ i 0 .
This is an implicit equation only, however, since γ =
∑
k χ(k)α(k) still depends on α(k).
The solution may be made explicit by multiplying (12) by χ(k) and summing over k. As
a result one obtains
(13)
γχ(k)
E − νc =
χ(k)χ(k0)
E − νc − g˜2Y with Y =
∫
q
χ2(q)
E − ~2q2/m+ i 0
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Now general scattering theory implies that Eq. (12) describes an outgoing scattering
state with
(14) g˜2γχ(k)/(E − νc) = 〈k|T (E + i 0)|k0〉
the exact T matrix for scattering k0 → k. This allows to directly read off the resulting
open channel scattering amplitude
(15) f(k) = − m
4pi~2
〈k|T (E + i 0)|k0〉 = m
4pi~2
g˜2χ2(k)
νc(B)− ~2k2m + mg˜
2
~2
∫
q
χ2(q)
k2−q2+i 0
.
Expanding this at low energies, the resulting expressions for the scattering length and
the effective range defined in (4) are [6]
(16)
1
a
= −mr
?
~2
νc(B) +
1
2σ
and re = −2r? + 3σ
(
1− 4σ
3a
)
.
Here, we have introduced r? = 4pi~4/(m2g˜2) as an intrinsic length scale. As anticipated
above, its inverse is a direct measure of the strength g˜2 of the Feshbach coupling. The
explicit result (16) is obtained by using a Lorentzian cutoff χ(k) = 1/
(
1 + (kσ)2
)
in
momentum space. This choice is convenient since the resulting effective range re →
3σ = 3 a¯ (see below) of two-body scattering for an open-channel dominated Feshbach
resonance with a¯  r? is very close to the value re → 2.92 a¯ of Eq. (7) for a single-
channel potential with a 1/r6 tail. By contrast, the more standard Gaussian cutoff [7]
yields re = 8a¯/pi = 2.54 a¯ in this limit. Expanding the detuning νc(B) = ∆µ(B −Bc) of
the closed channel molecular state to linear order around a bare resonance position Bc
leads to a scattering length which is indeed of the form given in (8) with abg = 0. The
resonance position is, however, shifted from its bare value by (2)
(17) ∆µ (B0 −Bc) = ~
2
2mr?σ
,
which is a consequence of the level repulsion due to the off-diagonal coupling g˜. The
magnetic field B0 where the scattering length diverges thus differs from the value Bc at
which the energy of a bare molecule crosses zero. This resonance shift has been calculated
within a microscopic description of the Feshbach coupling based on interaction potentials
with a van der Waals tail [8]. Comparison with this result yields the identification
σ = a¯ [6], thus fixing the effective range σ of the Feshbach coupling to be equal to the
mean scattering length a¯. The ratio
(18) sres =
a¯
r?
(2) A generalization of this result to a finite value rbg = abg/a¯ of the dimensionless background
scattering length is given in Eqs. (37) or (42) of the review by Chin et.al. [3].
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Fig. 2. – Magnetic field dependence of the scattering length (dotted curve) between the two
lowest hyperfine levels of 6Li with a Feshbach resonance near B0 ' 832 G [9] and a zero crossing
at B0 + ∆B ' 532 G. The background scattering length is abg = −1405 aB with aB the Bohr
radius. The energy of the bound state is shown as a full line (adapted from Ref. [10]).
between the two intrinsic microscopic lengths which characterize the scattering length and
range in potentials with a van der Waals tail and the strength of the coupling to the closed
channel is called the resonance strength [3]. It allows to classify Feshbach resonances into
two limiting cases: when sres  1, the resonance is called an open channel dominated one
because the closed channel fraction Z remains small compared to one over the whole range
of detunings |B−B0| < |∆B|. Indeed, consider the regime where the scattering length is
dominated by its resonant contribution ares ∼ −1/νr?  a¯. The two-body bound state
energy at a > 0 then follows the universal behavior b = ~2/(ma2) = ν2/? determined
by the scattering length only. Its quadratic dependence on the detuning ν = ∆µ(B−B0)
with a characteristic energy ? = ~2/m(r?)2 leads to a linearly vanishing closed channel
admixture Z near resonance [3]
(19) Z = −∂b
∂ν
= 2
|ν|
∗
= 2
r∗
a
' 2 r
∗
|abg|
|B −B0|
|∆B| .
Since |abg| is typically of the order of the mean scattering length a¯, open channel domi-
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nated resonances also have r?  |abg| (3). As a result, the closed channel admixture is
much smaller than one over the full magnetic field range |B − B0| . |∆B|. Moreover,
as emphasized above, in the relevant regime where a  a¯, the effective range re → 3 a¯
of open channel dominated resonances obtained from Eq. (16) is essentially identical to
the corresponding result (7) for a single-channel potential with a 1/r6 tail. Resonances
with sres  1, in turn, are called closed channel dominated. Here, the near-threshold
scattering and bound states have an open channel character only very close to resonance.
Indeed, Eq. (19) shows that Z reaches values of order one already at a detuning |ν| ' ?
which is now much less than the van der Waals energy ~2/ml2vdw. In addition, the effec-
tive range re → −2r? is negative and large compared to the characteristic scale set by
a¯ ' lvdw.
1
.
3. Three-body losses. – While (s-wave) Feshbach resonances appear for both Bose
or two component Fermi gases, the strong interaction limit a n−1/3  a¯ is in practice
only accessible for Fermions. This is a result of the fact that for Fermions the lifetime
due to three-body collisions is large near a Feshbach resonance, quite in contrast to
Bosons, where it goes to zero. The basic physics which underlies the stability of Fermions
near a resonance of the scattering length is the fact that relaxation into deep bound
states is strongly suppressed by the Pauli-principle. Indeed, by energy and momentum
conservation, a relaxation into one of the deeply bound states requires that at least three
Fermions are close together, at a distance of order lvdw  a. In a two-component gas
two of them are necessarily equal (4). As was shown by Petrov et.al. [11], the dependence
of the three-body loss rate on the scattering length can be inferred from the behavior of
the corresponding wave function at short distances. Quite generally, for a system of N
Fermions with effectively zero range interactions, one may define an exponent γ(N↑, N↓)
by the behavior [12]
(20) Ψ(r1, σ1 r2, σ2 . . . rN , σN ) → rγ(N↑,N↓) as r → 0
of the many-body wave function as N↑ up-spin Fermions and N↓ down-spin Fermions are
within a small radius r  a. All other particles remain at a finite distance. In the case of
two Fermions with opposite spin and scattering length a, the standard expression ψ0(r) =
1/r − 1/a for the two-body wave function in a zero range approximation shows that
γ(1, 1) = −1. For three Fermions, the solution of the three-body Schro¨dinger equation
with a zero range interaction [11] yields γ(2, 1) = −0.2273 . . .. The wave function is thus
less singular than for two particles, reflecting the fact that two identical Fermions can get
close only in a relative p-wave configuration. The physical origin of the non-integer power
(3) The Feshbach resonance of 6Li at B0 ' 832 G shown in Fig. 2 has an exceptionally large
background scattering length |abg|  a¯. The closed channel admixture thus remains negligible
in an even larger regime on the positive scattering length side of the resonance.
(4) Note that this is no longer the case for Fermi gases with three or more components, which
therefore do not exhbit an enhanced stability for large scattering lengths.
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law is an effective 1/r2-potential which appears in the three-body Schro¨dinger equation
expressed in terms of the hyperradius r =
√
r212 + r
2
13 + r
2
23 [11]. By dimensional analysis,
the probability that three Fermions get close depends on a via the prefactor A(a) ∼
a−3/2−γ of the three-body wave function Ψ(r → 0) = a−3/2 (r/a)γ F (Ω) = A(a) rγ F (Ω).
Here, F (Ω) is a function which depends on the remaining angular degrees of freedom.
The relaxation rate α3 into deep bound states will be proportional to |A(a)|2. Expressed
in physical units cm3/sec, it thus follows a power law [11]
(21) α3(a) = const
~ lvdw
m
·
( lvdw
a
)s
with a positive exponent s = 3+2γ ' 2.55. The dimensionless prefactor depends on short
range physics below the scale lvdw and thus cannot be calculated within the zero range
approximation. Experimental results for the lifetime of Fermionic 40K or 6Li near their
respective Feshbach resonances at B0 ' 202 G [13] and B0 ' 832 G [14] are consistent
with the dependence predicted by Eq. (21). They do not allow, however, to determine
the exponent s with the precision necessary to extract a reliable value for the anomalous
dimension γ. In a system with finite density n ∼ k3F , the power law dependence on a is
cut off at values beyond kFa = O(1). The ratio of the rate Γ3 = −N˙3/N for three-body
losses due to decay into deeply bound states and the rate Γ2 for equilibration due to
two-body collisions is therefore expected to be [11]
(22)
Γ3
Γ2
' ~Γ3
εF
' ~nα3(1/a→ kF )/εF ' (kF lvdw)s+1  1 .
Indeed, the cross-section for two-body scattering in a deeply degenerate Fermi gas at
a = ±∞ is σ ' 1/k2F . The associated equilibration rate Γ2 ' nσvF ' εF /~ is thus
essentially set by the Fermi energy. The fact that Γ3  Γ2 in the experimentally rele-
vant limit kF lvdw  1 is essential for the stability of a degenerate gas of Fermions at
unitarity: the time scale for equilibration via two-body scattering is much faster than the
decay associated with three-body losses. For concrete numbers, consider a balanced gas
of 6Li atoms in their two lowest Zeeman split hyperfine levels. A typical Fermi energy of
around 1µK then corresponds to kF ' 1/(3800 aB). With lvdw ' 31 aB for 6Li this gives
kF lvdw values of order 10
−2 or smaller and lifetimes of a degenerate unitary gas of up to
a minute [10]. For a gas of Bosons, the situation is, unfortunately, completely different.
Indeed, as will be shown below, for Bosons at a = ±∞, the requirement Γ3  Γ2 is valid
only in the non-degenerate limit nλ3T  1.
The rate Γ3 of three-body losses is expected to scale like the square of the density.
The associated loss rate coefficient L3 defined by Γ3 = L3 · n2 should thus be density
independent. The result (22) above, however, shows that this is not the case. Indeed,
L3 ∼ (kF lvdw)2γ exhibits a dependence on density n ∼ k3F which directly reflects the
presence of a nontrivial scaling exponent γ. From a field-theoretic point of view, the
unexpected density dependence of L3 can be understood as a result of the appearance of
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an anomalous dimension for operators whose matrix elements first appear at the three-
body level. Specifically, the value γ = −0.227.. appears in the anomalous dimension
(23) ∆O = ∆φ + ∆ψ↑ + 1 + γ = 2 + 3/2 + 1 + (−0.227 . . .) = 4.272 . . .
of the operator
(24) O = O(l=1)↑↑↓ (x) = Z−1(Λ) [2φ∂iψ↑ − (∂iφ)ψ↑] (x) .
It contains the gradient (l = 1) of a renormalized diatom operator φˆ introduced in
Eq. (65) below, combined with one additional up-spin Fermion. Here i = x, y, z and
Z ∼ Λ−γ is the renormalization factor which is necessary for giving finite matrix ele-
ments of the operator in the zero range limit Λ → ∞. The value ∆O also determines
the energy E0 = ∆O~ω of the ground state of three Fermions in a harmonic trap with
frequency ω precisely at infinite scattering length, which has l = 1 [15]. For a detailed
discussion of these connections and an explicit calculation of the anomalous dimension
γ, see the review by Nishida and Son [16].
The issue of inelastic collisions has an additional aspect, which is crucial for the even-
tual stability of a many-body system of Fermions for arbitrary large scattering lengths.
On the three-body level, this is related to the repulsive nature of elastic atom-dimer scat-
tering, which is described by a positive scattering length aad ' 1.18 a in the regime a > 0
where two Fermions form a bound state with wave function ϕ0(r) ∼ exp (−r/a) [17].
The underlying statistical repulsion due to the Pauli principle also shows up in the four-
body problem. In quantitative terms, it can be derived from an exact solution of the
four-particle Schro¨dinger equation with zero range interactions in the limit where the
distance R between the centers of mass of two bosonic dimers is much larger than the
dimer size a and at collision energies much smaller than their respective binding energies
~2/ma2. The wave function has the asymptotic form [11]
(25) Ψ(x1,x2,R) = ϕ0(r1)ϕ0(r2)
(
1− add/R
)
with add = 0.6 a .
Here, ϕ0(r) is the bound state wave function of an individual dimer and x1,2 are the re-
spective interparticle distances between the two distinguishable Fermions which they are
composed of. Eq. (25) implies that the effective dimer-dimer interaction at low energies
is characterized by a positive scattering length proportional to the original scattering
length between its fermionic constituents. The fact that add > 0 guarantees the stability
of molecular condensates and implies that, at least for short range interactions, there are
no four-particle bound states. More generally, the stability of a Fermi gas at the many-
body level for arbitrary strong attractive interactions relies crucially on the assumption
that the range of the interactions is negligible. In fact, it is easy to show that the Pauli
principle alone is unable to stabilize a Fermi gas with purely attractive interactions if
they have a finite range [18].
Strongly Interacting Fermi Gases 13
1
.
4. Unitary Bosons and the Efimov effect . – A completely different behavior appears
for Bosons near a Feshbach resonance. Indeed, it turns out that for scattering lengths
which exceed about ten times its characteristic value a¯, they form an unstable system
with a rather short lifetime. The instability is connected with the fact that the three
boson scattering amplitude has an attractive rather than a repulsive character. As shown
by Efimov in 1970 [19], this effective attraction gives rise to an infinite sequence of three-
body bound states. They appear already for negative scattering lengths, where there is no
two-body bound state. For a < 0, therefore, Efimov trimers behave like Borromean rings:
three atoms are bound together but cutting one of the bonds makes the whole system
fly apart. Now, as will be shown below, the first Efimov state appears at a scattering
length a− ' −9 a¯. This is about one order of magnitude larger than the characteristic
values of the scattering length in the absence of a resonance. Bose gases are therefore
stable unless tuned to an interaction rather close to the unitary point, where |a|  a¯. In
quantitative terms, the rate of three-body losses can be written in the form [20, 21]
(26) Γ3 = −N˙3/N = L3 · n2 = 3C(a) ~
m
· (na2)2 .
Since Γ3 is expected to scale like n
2, this result is in fact fixed by dimensional anal-
ysis provided that only the scattering length a enters and not a microscopic length
like lvdw. Clearly, this scale has to eventually appear in the dimensionless factor C(a),
which accounts for the detailed structure due the Efimov effect (see below). Neglect-
ing the variation of Γ3 due to this factor, the three-body loss rate diverges ∼ a4 with
increasing scattering length. This is in stark contrast to the result (21) for Fermions,
where the rate approaches zero as a → ±∞. Bosons near unitarity can therefore not
be realized in an equilibrium configuration unless one enters the non-degenerate limit.
Indeed, at finite temperature the divergence of L3 ∼ a4 with increasing scattering length
is cutoff by the thermal wavelength λT . Provided λT  |a|, the three-body loss rate
Γ3 = L3(T )n
2 ' ~ · n2λ4T /m ∼ 1/T 2 thus exhibits a power law dependence on tem-
perature, which has been verified experimentally [22, 23]. The rate Γ2 ' nσvT of equi-
libration due to two-body scattering in a thermal gas at unitarity, in turn, is of order
Γ2 ' ~nλT /m since σ ' λ2T and vT = ~/mλT . For Bosons at infinite scattering length,
the condition Γ3  Γ2 for a thermodynamically stable gas is therefore obeyed only in
the non-degenerate regime, where Γ3/Γ2 ' nλ3T  1.
The result L3 ' ~a4/m at low temperatures, where λT  |a|, only describes the
dependence on a on average. In fact, as realized by Esry et.al. [24] and by Bedaque
et.al. [25], the Efimov effect gives rise to a nontrivial, log-periodic structure in the pre-
factor C(a). It leads to pronounced maxima in the three-body loss coefficient on top of
the a4-law at scattering lengths a
(n)
− < 0 where the Efimov bound states detach from
the two-particle continuum. It is this feature on which the first experimental observation
of the Efimov effect by Kraemer et.al. [26] is based on, via an enhanced three-body
recombination rate at the scattering length a−= a
(0)
− where the first trimer state appears.
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In turn, there are minima of C(a) at a set of positive a
(n)
∗ , where the n-th trimer state
crosses the two-body bound state energy b(a).
The spectrum of the Efimov trimers can be calculated fully within the microscopic
two-channel model (9), where the two-component Fermions ψσ → ψ are replaced by
a single component Bose field [6]. Formally, the infinite sequence of trimer energies
E
(n)
T < 0 is obtained from the poles of a three-body vertex λ3(q1, q2;E) which describes
the scattering of a single atom and the dimer as a function of the total energy E in
the center of mass frame. For a two-component Fermi gas, this amplitude has a well
defined low energy limit λ3(0) ∼ aad = 1.18a in the regime where the scattering length is
positive. It describes the effective short range repulsion between a single Fermion and a
two-particle bound state [27]. For Bosons, the vertex λ3 develops a nontrivial dependence
on both energy and the momenta q1 and q2 of the in- and outgoing atoms. In particular,
it exhibits poles associated with three-body bound states. Close to these poles, it can be
parametrized by [28]
(27) λ
(n)
3 (q1, q2;E) ≈
B(q1, q2)
E − E(n)T
.
In Fig. 3, the resulting energies E
(n)
T (a¯/a) of the three lowest Efimov states are depicted
in a dimensionless form, with the scattering length and energy measured in units of a¯
and E¯ = ~2/2ma¯2, respectively. The rescaling by a power 1/4 for a¯/a and 1/8 for the
dimensionless energy is choosen for convenience, to make several Efimov states visible.
The appearance of a¯ ' lvdw as the natural unit for the scattering length and the fact
that the van der Waals energy sets the characteristic scale for the binding energies of
the Efimov trimers is a consequence of the simple two-channel model (9), where the
finite range σ = a¯ of the Feshbach coupling described by the function χ(x) provides the
characteristic length and energy scale. Within this model, the spectrum of Efimov trimers
follows a universal set of curves which only depend on the resonance strength parameter
sres = a¯/r
? [6]. The overall appearance of the spectrum remains similar as the strength of
the resonance is varied. In the limit sres  1, it gets pushed towards the unitarity point
E = 1/a = 0, while for open-channel dominated resonances it reaches its maximal extent
in the (a¯/a, E) plane. Specifically, for open channel dominated resonances with sres  1,
the first trimer state within this model detaches from the continuum at a− = −8.3 lvdw.
As discussed by Schmidt et.al. [6] (5), this result provides an explanation for the surprising
observation of an apparently universal value of the scattering length a− where the first
Efimov trimer state appears: for many different resonances, the measured values for a−
clustered around an average value 〈a−〉 ≈ −9.45 lvdw [31, 32].
As was predicted already by Efimov, the infinite sequence of scattering lengths a
(n)
−
where the three-body bound states detach from the two-particle continuum obeys an
(5) For different approaches towards an understanding of the ’universal’ value of the three-body
parameter, see [29, 30].
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Fig. 3. – The energies of the three lowest Efimov states as a function of the inverse scatter-
ing length, both in dimensionless units, for an open-channel dominated Feshbach resonance of
strength sres = 100 and a resonance of intermediate strength sres = 1. The binding energy of
the two-body bound state (dimer) is shown in addition.
asymptotic scaling law: the ratio of consecutive values of a
(n)
− approaches a
(n+1)
− /a
(n)
− →
epi/s0 ' 22.6942 for n  1, with a universal number s0 ≈ 1.00624 (6). In practice,
an observation of higher order trimer states is rather difficult since their size eventually
becomes larger than typical trap sizes and the lifetime of a degenerate gas of Bosons
approaches zero near unitarity. Recently, it has been possible to observe the second trimer
state near a Feshbach resonance in 133Cs at B0 = 786 G with sres ' 1500 at a scattering
length a
(1)
− ' 21.0(1.3) a− [34]. The fact that the ratio a(1)− /a− for the experimentally
accessible lowest Efimov states is smaller than the asymptotic value 22.69 . . . expected
for n 1 is consistent with the result obtained from the two-channel model (9) [6]. Its
precise value depends, however, on the detailed form of the cutoff function χ(x). More
importantly, it is affected by genuine three-body forces which may, in fact, also explain
the observed variation of the ratio a−/lvdw between around −8 and −10 [35].
Remarkably, for Bosons, many-body bound states exist also for particle numbers
beyond N = 3. This has been studied in detail for N = 4, where one finds an infinite
sequence of two tetramer states per Efimov trimer [36, 37, 38, 39]. The lowest one at
a−(4) ' 0.43 a−(3) has been seen by Ferlaino et.al. [40]. More recently, even signatures of
a five-body bound state have been observed [41]. Theoretically, many-body bound states
have been found by van Stecher et.al [42] from numerical solutions of the Schro¨dinger
equation up to N = 13. It is an open question whether the family of universal bound
states for Bosons persists for arbitrary N . A theorem due to Seiringer [43] which states
that any pairwise interaction potential with negative scattering length a has an N -body
bound state for some value of N , no matter how small |a| may be, suggests that the
sequence indeed continues up to N =∞.
(6) For a derivation of these results see e.g. the review by Petrov [33]. An effective field theory
approach to the Efimov effect and its connection to a limit cycle in a renormalization group flow
of the three-body scattering amplitude is discussed in the review by Braaten and Hammer [28].
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2. – TAN-RELATIONS
This chapter provides an introduction to a series of exact relations due to Shina
Tan, which hold for Fermions (7) with short range interactions [46, 47, 48]. The Tan
relations connect the short distance behavior of one- and two-particle correlations with
thermodynamic properties. They can be extended to time dependent correlations, giving
rise to sum rules and power law tails at high frequency of RF-spectra [49, 50, 51] or of
response functions like the dynamic shear viscosity [52, 53, 54]. For a detailed discussion
of the subject see the review by Braaten [55].
The study of a non-relativistic system of Fermions with spin-independent two-body
interactions appears as a generic many-body problem in different areas of physics. Except
for the particular case of one dimension, there are, unfortunately, very few exact results
on this problem beyond the perturbative regime. It is therefore of considerable interest
to derive relations for the many-body problem that hold independent of the interaction
strength. As realized by Tan and - independently - by Zhang and Leggett [56], a whole
new class of exact relations may be derived in the context of strongly interacting ultracold
gases, where the range of the interactions can effectively be set to zero. In this special
case, it turns out that the momentum distribution nσ(k) exhibits a universal C/k
4 decay
in the regime where k is larger than other characteristic momentum scales in the problem.
The constant C is independent of the spin orientation σ = ±1 and is called the contact,
because it is a measure of the probability that two Fermions with opposite spin are
close together. A crucial feature of the Tan relations is the fact that they apply to
any state of the system, e.g. both to a Fermi-liquid or a superfluid state, at zero or at
finite temperature and also in a few-body situation. The only change is the value of the
contact. The origin of this universality was elucidated by Braaten and Platter [57] who
have shown that the Tan relations are a consequence of operator identities that follow
from a Wilson operator product expansion.
2
.
1. Thermodynamic relations. – It is convenient to start by defining the concept of
a contact first in a purely thermodynamic fashion. The equilibrium thermodynamics of
any system in a micro-canonical situation is determined by its entropy S(U, V,N) as a
function of the conserved variables energy U , volume V and total particle number N .
The condition S(λU, λV, λN) = λS(U, V,N) of an extensive system implies the Gibbs-
Duhem relation G = µN for the free enthalpy G = U − TS + pV , or - equivalently -
the relation dp = ndµ + s dT , where s = S/V is the entropy density. These relations
are completely general, however a concrete result for the equation of state requires of
course to explicitely calculate the entropy S(U, V,N) from the associated microcanonical
partition function for a given form of the interaction between the particles. Usually, the
microscopic interaction potentials are complicated functions of the interparticle distances
which are neither known precisely nor can they be changed externally. In the context of
(7) For an extension of the Tan relations to strongly interacting Bose gases, where the presence
of the Efimov effect has to be accounted for, see [44, 45].
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ultracold gases, however, a new situation arises because at energies below Evdw
• the whole interaction is embodied in a single parameter, namely the scattering
length
• the interaction can be changed externally via Feshbach resonances.
It thus makes sense to consider the entropy of the gas not only as a function of the
conserved and extensive variables U, V,N but also of the - for later convenience - inverse
scattering length 1/a. The associated complete differential
(28) dS(U, V,N, 1/a) =
1
T
dU +
p
T
dV − µ
T
dN − X1/a
T
d (1/a)
then defines a new ’generalized force’ X1/a [58]. Its thermodynamic meaning becomes
clear by rewriting (28) as the differential change in free energy
(29) dF (T, V,N, 1/a) = −S dT − p dV + µdN +X1/a d (1/a) .
Thus X1/a d (1/a) is the work done on the gas in an infinitesimal change d(1/a) of the
scattering length, keeping T, V and N fixed. Consider, for instance, a situation where a
gas with a strongly repulsive interaction lvdw/a 1 is turned into a weakly interacting
gas lvdw/a ' 1. Similar to the case of an expansion dV > 0 at fixed interaction strength,
the gas will perform work on its environment. As a result, X1/a = −~2 C/(4pim) < 0
defines an extensive and positive quantity C which has dimensions of an inverse length.
For reasons that will become clear below, C is called the contact. Due to the extensive
nature of the entropy, (28) leads to a generalized form of the Gibbs-Duhem relation
(30) d p(µ, T, 1/a) = ndµ+ s dT +
~2
4pim
C d (1/a) ,
where C = C/V is an intensive contact density. In the case of a trapped gas with non-
uniform particle density n(R), the contact density C(R) is also varying in space and the
full contact is C =
∫
R
C(R). At fixed temperature, particle number and volume or - in
the case of trapped gas - at a given confining potential, the thermodynamic relation (29)
implies that
(31)
∂F (T )
∂(1/a)
=
∂U(S)
∂(1/a)
= − ~
2
4pim
·
∫
R
C(R)
which is called the Tan adiabatic theorem [46]. The full contact is therefore just the
derivative of the total internal energy U or the free energy F with respect to the inverse
scattering length at fixed values of the entropy S or temperature T , respectively. As a
result, knowledge of the contact C(1/a) as a function of the inverse scattering length
determines the free energy of the interacting gas by an integration which starts with the
non-interacting system at a = 0.
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An important exact relation for the total energy in an inhomogeneous situation is
provided by the Tan virial theorem [48]
(32) U = 〈Hˆkin + Hˆint + Hˆext〉 = 2
∫
R
Vext(R)n(R) − ~
2
8pima
∫
R
C(R) ,
which holds for harmonic trap potentials Vext(R) even if they are anisotropic. For a
unitary gas, in particular, the last term vanishes since the contact density is finite at
infinite scattering length (see below). Its total energy may thus be determined directly
from in situ measurements of the density profile n(R) [59, 60] (8). The relation (32) is
a simple consequence of dimensional analysis combined with the Tan adiabatic theorem.
Consider, for simplicity, an isotropic harmonic trap potential Vext(R) = mω
2R2/2. At a
fixed number of particles, the free energy
(33) F (T, ω, 1/a) = ~ω F˜
(
kBT
~ω
,
ω
~/ma2
)
can be expressed in terms of a dimensionless function F˜ , which depends only on dimen-
sionless ratios. From (33), one can deduce the simple scaling law F (λT, λω,
√
λ/a) =
λF (T, ω, 1/a). Its derivative with respect to λ at λ = 1 yields
(34)
(
T
∂
∂T
+ ω
∂
∂ω
+
1
2a
∂
∂(1/a)
)
F = F ,
where all the partial derivatives are to be understood as leaving all other system variables
constant. Since the free energy is just the Legendre transform of the energy, its partial
derivatives at constant temperature T with respect to ω and 1/a are equal to those of
the energy at the associated value of the entropy. Therefore, using ∂F/∂T = −S, the
energy turns out to obey the differential equation
(35)
(
ω
∂
∂ω
+
1
2a
∂
∂(1/a)
)
U = U.
This leads immediately to the relation (32) by using the Tan adiabatic theorem (31) and
ω ∂E/∂ω = 2〈Vext〉.
For a uniform gas, a further exact relation is the Tan pressure relation
(36) p =
2
3
+
~2
12pima
C ,
which relates pressure p and energy density . Similar to the argument above, its proof
relies on dimensional analysis. Indeed, again at a fixed number of particles, the entropy
(8) This may be viewed as a trivial example of density functional theory, where the non-trivial
part of the functional E[n] related to the kinetic and interaction energy is simply
∫
R
Vext n(R)!
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S(U, V, 1/a) = S˜(u/(~2/ma2), v/a3) is only a function of dimensionless ratios that can be
formed from the energy u and volume v per particle and the scattering length a. Taking
the derivative of this relation with respect to 1/a, the definition of the contact via (28)
implies that
(37)
~2
4pim
C = a [−2U + 3pV ]
from which the pressure relation immediately follows. Anticipating again that C is finite
at a = ±∞, this implies that pressure and energy density are related simply by p = 2/3
for the unitary gas. The relation is identical to the one which holds in the non-interacting
case and is valid irrespective of whether the particles obey Fermi or Bose statistics . The
deep underlying reason for this remarkable result is that at infinite scattering length,
the gas is scale invariant, a property that will be discussed in more detail in section 3.4
below.
2
.
2. Quantitative results for the contact . – The Tan adiabatic relation
(38) C = 4pima
2
~2
∂(S)
∂a
for a homogeneous gas implies that the contact density C can be determined from the
knowledge of the energy density at fixed entropy as a function of the scattering length a.
In the following, we consider the case of a balanced gas, in which the two spin states are
equally populated. Its ground state is superfluid for arbitrary values of the dimensionless
interaction variable v = 1/kFa, where kF = (3pi
2n)1/3 is the Fermi wave vector associated
with a given total density n. Upon changing 1/kFa over the range from −∞ to +∞, the
nature of the pairing changes from a weak coupling BCS-type to a BEC of tightly bound
dimers. Now, in the regime of small negative scattering lengths, the effects of pairing are
exponentially small. As shown by Diener et.al. [61], the ground state energy density of
the superfluid has an expansion
(39) 0 =
~2k5F
10pi2m
(
1 +
10
9pi
kFa+
4(11− 2 ln 2)
21pi2
(kFa)
2 + . . .
)
in powers of kFa which is identical to the one obtained for a repulsive and normal Fermi
liquid with a > 0. Using (38), this gives rise to a contact density
(40)
C(kFa→ 0−, T = 0) = (2pina)2 + . . . = k4F
(
2kFa
3pi
)2(
1 +
12(11− 2 ln 2)
35pi
kFa+ . . .
)
.
Its leading order contribution vanishes like a2 and is independent of the sign of the
interaction. The BCS pairing, which leads to a finite energy gap ∆ ∼ exp (−pi/2kF |a|)
for a < 0 in the weak coupling limit kF |a|  1, only gives an exponentially small
reduction of the energy of order ∆2/εF . At the level of the contact this is reflected in a
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corresponding enhancement of the contact density by δC = k4F (∆/2εF )2 [62]. Within a
BCS description, this follows from the standard expression for the condensation energy
via Eq. (38) or from the fact that the associated ground state momentum distribution
nσ(q) = v
2
q → δC/q4 exhibits a power law decay or q  kF . As will be shown in Eq. (60)
below, such a tail is a universal feature of Fermions with zero range interactions and
allows to read off the contact density from nσ(q) → C/q4. More generally, it turns out
that the transition to a superfluid with gap ∆ is always accompanied with an anomalous
contribution m2∆2/~4 to the contact density C. This holds for arbitrary coupling and
is a consequence of the connection between the contact density and the short distance
limit of the vertex function, see Eq. (87) below.
In the opposite limit of a molecular condensate kFa → 0+, the ground state energy
density can be expanded in the form
(41) 0 = − ~
2n
2ma2
+
pi~2n2add
4m
(
1 +
128
15
√
na3dd/2pi + . . .
)
,
where add = 0.6 a is the dimer-dimer scattering length introduced in Eq. (25). The
leading term is the total binding energy density for dimers with number density n/2,
while the second term is the energy of the corresponding molecular BEC, including the
well known Lee-Huang-Yang corrections of an interacting, dilute Bose gas (9). Using
Eq. (38), we find that the contact density in the BEC limit is
(42) C(kFa→ 0+, T = 0) = 4pin
a
+ 0.6 (pina)2 + . . . = k4F
[
4
3pikFa
+ 0.6
(
kFa
3pi
)2
+ . . .
]
Quantitative results for the dimensionles contact parameter s(v) = C/k4F of the balanced
Fermi gas at zero temperature for arbitrary values of the coupling constant v = 1/kFa
have been given by Haussmann et.al. [62], using a Luttinger-Ward description of the
BCS-BEC crossover problem. As shown in Fig. 4, it interpolates smoothly between the
BCS and the BEC limit, with a finite value s(0) = 0.102 at unitarity. On the BEC side,
the extraction of the contact from the tail of the momentum distribution is apparently
not precise enough to capture the repulsive interaction between dimers, which from
Eq. (42) gives rise to a contact density which lies above the two-body contribution. Near
unitarity, however, the predicted result for the parameter c0 = 3pi
2s = 3.02 is close to the
experimental value cexp0 = 3.17± 0.09 obtained from extrapolating precise measurements
of the contact via the high momentum scaling S↑↓(q)→ C/(8n↓q) of the static structure
factor (see Eq. (68) below) down to zero temperature [65].
(9) These corrections have been observed experimentally both from measuring the frequency
of the radial compression mode of a trapped, elongated gas on the BEC-side of the BCS-BEC
crossover [63] and also, more directly, from the equation of state [64]. For a discussion of how
these corrections arise from collective modes in the superfluid state, see [61].
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Fig. 4. – The dimensionless contact density s = C/k4F for the balanced Fermi gas as a function
of the coupling strength v = 1/kF a from the Luttinger-Ward approach [62]. In the dilute
Fermi gas regime v < −2 the result is in perfect agreement with the expansion (40). The right
dashed line describes the leading two-body contribution from Eq. (42). The correction due to
the dimer-dimer repulsion should be positive, but even at v = 1 it is less than 0.01.
The zero temperature value of the contact density of the unitary gas is directly related
to the slope of the ground state energy as a function of the coupling constant. Indeed, by
dimensional analysis, the energy density 0(a = ±∞) = ξs (0)0 at unitarity must be some
constant ξs < 1 times the corresponding value of the non-interacting Fermi gas. The
universal number ξs is known as the Bertsch parameter and will be discussed in section
3.2 below. Expanding in powers of 1/kFa around unitarity, one has
(43) 0(kF |a|  1) = ~
2k5F
10pi2m
(
ξs − ζ
kFa
+ . . .
)
,
with a positive numerical constant ζ. Using Eq. (38), the constant is directly related to
the dimensionless contact at unitarity by ζ = 5pis(0)/2 ' 0.84, with the numerical result
based on the experimental value of s(0). Quantitative results for the contact density
of the unitary gas at finite temperature have been obtained in Refs [54] and [66] in the
normal phase above Tc. There, C is a monotonically decreasing function of temperature,
approaching C → 4pi(λTn)2 ∼ 1/T at high temperatures, consistent with the result ob-
tained from a viral expansion [67]. In practice, the virial expansion for C(T ) is applicable
at temperatures θ = T/TF & 2, where the degeneracy parameter nλ3T = 8/(3
√
pi θ3/2) is
smaller than one. Note that in the regime kF lvdw  1 of dilute gases, the non-degenerate
limit is still compatible with the condition E ' kBT  Evdw which is necessary to de-
scribe the interactions completely in terms of s-wave scattering. The theoretical results
for C(T ) agree well with the experimental data by Kuhnle et.al. [68], again based on the
measurement of the static structure factor (68) via Bragg spectroscopy.
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2
.
3. Closed channel fraction. – The first example where Tan’s concept of the contact
turned out to be relevant for understanding strongly interacting Fermi gases was given
by Punk and Zwerger [49], who showed that the average clock shift observed in RF-
spectroscopy is a direct measure of the contact. This will be discussed in the section 4.1.
As noted by Werner et.al. [7] and by Zhang and Leggett [56], an observable which allows
to extract the contact in a rather direct manner is the number
(44) Nb =
∫
d3R 〈Φˆ†(R)Φˆ(R)〉
of closed channel molecules near a Feshbach resonance. The connection between Nb and
the contact is a simple consequence of the observation above that the contact determines
the work done on a gas upon changing the (inverse) scattering length. For a magnetically
tunable Feshbach resonance, this is directly related to the work needed to change the
magnetic field by an infinitesimal amount dB in the presence of a finite magnetization
M = Nb∆µ, where ∆µ is the difference in the magnetic moment between the molecule
and the open-channel atoms. Indeed, using the two-channel description of Eq. (9), the
only term in the Hamiltonian which depends on the magnetic field B is the bare detuning
νc(B) = ∆µ(B −Bc) of the closed channel bound state. Using dF = MdB and the Tan
adiabatic theorem (31) in the form
(45) Nb∆µ =
∂F
∂B
=
∂F
∂(1/a)
· d(1/a)
dB
= − ~
2
4pim
·
∫
R
C(R) · d(1/a)
dB
shows that a knowledge of the dependence a(B) of the two-body scattering length on
the external field B allows to determine the contact from the number of closed channel
molecules [7]. This general relation simplifies in the vicinity of a Feshbach resonance,
where the inverse scattering length
(46)
1
a(B)
= −∆µ(B −B0) ·mr
?
~2
+ . . .
can be expanded to leading order in the renormalized detuning ∆µ(B − B0) around
its zero crossing at B = B0. Using (45), the number of closed channel molecules near
resonance
(47) Nb(B ≈ B0) = r
?
4pi
∫
R
C(R)
is therefore a direct measure of the many-body contact C =
∫
R
C(R) multiplied with the
two-body parameter r? which characterizes the intrinsic width of the Feshbach resonance.
An experiment based on this connection has been performed by Partridge et.al. [69] in
a two component gas of 6Li near the Feshbach resonance at B0 ' 832 G even before the
relation with the Tan contact was realized. Specifically, they have determined the loss of
atoms which results from exciting the closed channel molecules to a short lived molecular
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state. The resulting loss rate Γloss = Z˜ ·Ω2/γ defined by N˙ = −2Nb(t) Ω2/γ = −ΓlossN
(10) depends on the effective Rabi frequency Ω of the transition, the spontaneous emission
rate γ of the molecular state and the closed channel fraction Z˜ = Nb/(N/2) (we use the
tilde to distinguish this from the closed channel admixture Z at the two-body level, as
defined in Eq. (11)). Now, as noted above, the contact density C(R) = s(0) ·k4F (R) of the
unitary gas at T = 0 scales with the fourth power of the local Fermi wavevector kF (R),
with s(0) ' 0.1. Neglecting the trap inhomogeneity, this gives a closed channel fraction
(48) Z˜(B ≈ B0) ' kF r?/2
near resonance. Specifically, for the open channel dominated resonance in 6Li near 832 G
with sres = a¯/r
? ' 59 and a¯ ' 30 aB [3], the finite density closed channel fraction
Z˜ ' kF a¯/(2sres) ' 10−4 near B0 is very small since both kF a¯ and 1/sres are much less
than one. More generally, as shown by Werner et.al. [7], the theoretical estimate for Z˜
based on its connection with the Tan contact and its dependence on 1/kFa near unitarity
is in fair agreement with the values observed earlier by Partridge et.al. [69]. Note that Z˜
has a finite value precisely at the Feshbach resonance, in contrast to the closed channel
admixture at the two-body level, which obeys Z(B = B0) ≡ 0, see (19). In fact, the
latter result is obtained as a trivial limit of the expression Nb = r
?C/4pi from Eq. (47)
by noting that the contact in the two-body limit N = 2 is simply C2−body = 8pi/a
for a > 0 and zero otherwise. This follows easily from the Tan adiabatic theorem by
noting that the energy of the two-body problem depends on the scattering length via
E2−body = −b(a) = −~2/ma2. The resulting value Z˜ → Nb = 2r?/a then agrees with
the expression given in Eq. (19).
2
.
4. Single channel model and zero range limit . – For a derivation of the connection
between the thermodynamically defined contact and microscopic correlation functions
at short distances or time scales, it is convenient to replace the two-channel model of
Eq. (9) by an effective single channel model whose interaction potential is adjusted to
give the correct scattering length. On a formal level, the reduction to an effective single
channel description can be obtained by integrating out the bosonic field Φ in an effective
action version of Eq. (9). The scattering of two atoms in the open channel is mediated
by the exchange of the dimer field Φ. It gives rise to s-wave scattering only because χ(x)
is rotation invariant. By construction, therefore, the two-channel model only describes
an effective interaction between Fermions of opposite spin, i.e. in the ’pairing channel’.
Evaluating the diagram shown in Fig. 5, where the dashed (solid) line denotes the prop-
agation of a full dimer (atom) and the dot represents the Yukawa coupling, the effective
scattering amplitude of two atoms with momenta ±k in their center of mass frame is
(10) For a gas near infinite scattering length, the decay in the trap is actually not exponential and
thus both Γloss and Z˜ will be time-dependent [7]. In practice, an initial decay rate is measured.
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given by
(49) f(k) =
m
4pi~2
g˜2χ2(k)GΦ(E = ~
2k2
m
,Q = 0) .
It has a nontrivial energy dependence which is determined by the full inverse propagator
(50) G−1Φ (E,Q = 0) = −E + νc(B) +
mg˜2
~2
∫
q
χ2(q)
k2 − q2 + i0
of the dimer field at vanishing total momentum Q = 0 and energy E = ~2k2/m. As
expected, the expression (49) is identical to the one derived in Eq. (15) at the two-
body level. The resulting scattering length and the effective range are therefore given by
Eq. (16). Now, in order to justify the replacement of the interaction associated with the
two-channel model by a single channel description involving only the scattering length
for a Fermi gas at finite density, it is necessary that the effective two-body scattering
amplitude (49) is of the idealized form f(k) = −a/(1 + ika) of a contact interaction at
all relevant wave vectors up to kF . This requires the effective range re of the interactions
to be negligible, which is generically true for a dilute and degenerate gas in the
• zero range limit kF |re| → 0.
(Note that this is different from the ’scaling limit’ re/a → 0 at the two- or few-body
level [28], where e.g. the two-body bound state energy b = ~2/ma2 at positive a has
a universal form depending only on the value of a.) Now, for open-channel dominated
Feshbach resonances, the effective range re = 3a¯ on resonance is of the order of the
van der Waals length. Since kF lvdw  1 is a necessary condition for a dilute gas (see
Eq. (1)), the interaction between two opposite spin Fermions is therefore well descibed by
an effective single channel potential with zero range. It is important to emphasize that
the criterion kF lvdw  1 is more restrictive than the widely used condition kF r?  1
(see e.g. [70]) for the irrelevance of the closed channel in describing the physics near a
’broad’ Feshbach resonance, where the finite density closed channel fraction Z˜(B = B0)
is negligible. The difference is relevant for the question whether the Bertsch param-
eter ξs is indeed a universal number. For open channel dominated resonances, where
r?  lvdw, this is true only in the limit where kF lvdw is taken to zero. Considering
closed channel dominated resonances, their effective range re → −2r? is much larger in
magnitude than the van der Waals length. Moreover - as pointed out in section 1.2 - the
closed channel admixture even at the two-body level is of order one at detunings much
Fig. 5. – Tree level diagram yielding the effective atom-atom scattering amplitude Eq. (49).
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less than the van der Waals energy. In this limit, a single channel description is not
possible. In particular, the effective range may be such that kF r
? is large compared to
one, a situation which defines the regime of narrow Feshbach resonances. An example is
the resonance between the two lowest hyperfine states of 6Li at B0 ' 543 G, which has
sres ' 10−3 [3], implying kF r? ' 10 for typical values of the density. In the following,
we will only consider open channel dominated resonances and approximate the effective
two-body scattering amplitude from Eq. (49) by that of an idealized contact interaction.
It is important to emphasize, that there are a number of physically relevant observables
which cannot be described within this approximation, for example three-body losses, the
Efimov effect and also - of course - the closed channel fraction. They involve the addi-
tional microscopic lengths lvdw and r
?, thus violating the simple notion of universality
which assumes that the interaction is completely described by the scattering length only.
Within a description based on zero-range interactions, the breakdown of this assumption
shows up through the appearance of an anomalous dimension. An example, discussed
above, is the three-body loss coefficient L3 ∼ (kF lvdw)2γ , which exhibits a dependence
on the density characterized by the anomalous exponent γ.
For the single parameter which characterizes the interaction V↑↓(x) = V (x) between
opposite spin Fermions, it is convenient to take its integrated strength g¯(Λ) =
∫
x
V (x)
or - equivalently - the associated scattering length aB(Λ) = mg¯(Λ)/(4pi~2) in Born-
approximation. The parameter Λ is a high momentum cutoff. It accounts for a finite
effective range, with Λ→∞ the zero range limit. Formally, it is convenient to replace the
interaction V (x)→ g¯(Λ) δ(x) by a delta function. For any finite g¯, this leads to a vanish-
ing scattering amplitude. The cutoff dependent coupling constant g¯(Λ) = 4pi~2aB(Λ)/m
must therefore be adjusted properly to give rise to a non-vanishing scattering length
a. Quite generally, the relation between the bare coupling constant g¯ and the resulting
value g = 4pi~2a/m of the low energy scattering amplitude may be determined from the
solution of the Lippman-Schwinger equation
(51) f˜(k→ k′) = v(k′ − k) +
∫
q
v(k′ − q)f˜(k→ q)
k2 − q2 + i0 ,
for the scattering amplitude f˜ = −4pif , where v(k) is the Fourier transform of the
microscopic two-body potential mV (x)/~2. Replacing the latter by its expression v(k)→
4piaB(Λ) within the zero range approximation and taking the limit k → 0, where f˜ →
gm/~2, gives
(52) g = g¯(Λ)− g g¯(Λ)
∫
q
1
2q
or
1
g¯
=
1
g
−
∫
q
1
2q
,
where q = ~2q2/2m is the energy of a free particle. The divergent integral in (52) is
now made finite by using a sharp cutoff Λ in momentum space. Within this specific
regularization, the relation between the bare and the physical value of the scattering
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length is given by
(53) aB(Λ) =
a
1− 2aΛ/pi or a =
aB(Λ)
1 + 2aB(Λ)Λ/pi
.
Starting with an interaction which is repulsive at the microscopic scale, i.e. aB(Λ) > 0,
the second form of Eq. (53) shows that in the zero-range limit Λ → ∞, the scattering
length a approaches zero. This is a reflection of the well known fact that purely repulsive
potentials can feature a scattering length at most as large as their range [71]. For
cold atoms, the microscopic interactions are, however, attractive, i.e. aB(Λ) < 0 is
negative. As a result, any desired scattering length a can be achieved by fine-tuning
aB(Λ) for a given finite value |re| ' 1/Λ of the potential range. In particular, it is also
possible to take the zero-range limit Λ → ∞, while still retaining an arbitrary finite
value of a. Thus, by adjusting aB(Λ) according to Eq. (53) and afterwards sending Λ to
infinity, all information about the short-range details is hidden in the single parameter
g = 4pi~2a/m. The somewhat counterintuitive result that finite values of a require the
strength aB(Λ) of the attractive delta function potential to vanish inversely with the
cutoff can be understood by considering a simple example: consider two particles with
mass m which interact via an attractive square well potential with range b and depth
V0 = ~2k20/m. In order to obtain a non-vanishing scattering amplitude in the zero range
limit b ∼ 1/Λ → 0, it is necessary that the depth parameter k0 ∼ Λ diverges linearly
with 1/b. As a result, the integrated strength
∫
V (x) = g¯(Λ) ∼ −V0b3 vanishes like 1/Λ.
2
.
5. Short distance correlations. – In order to derive the Tan relations within the zero
range model, we consider the formal expression for the operator of the interaction energy
density
(54) ˆint(R) = g¯(Λ) ψˆ
†
↑(R)ψˆ
†
↓(R)ψˆ↓(R)ψˆ↑(R) ≡ g¯(Λ) Oˆc(R)
which contains the bare coupling constant g¯. Its expectation value int = g¯(Λ) 〈Oˆc〉 ∼ Λ
diverges linearly with the cutoff because, as follows from Eq. (56) below, it is the product
g¯2(Λ) 〈Oˆc〉 which is finite in the zero range limit Λ → ∞. In physical terms, the result
int ∼ Λ means that the interaction energy density is linearly sensitive to the range of
interactions. Both int and the product Oˆc of the four field operators at the same point in
space, which scales like Λ2, are therefore ill-defined in the zero range limit. By contrast,
the expectation value of the total energy density  = kin +int should be finite as Λ→∞.
Using the Hellman-Feynman theorem and the first Equation in (53), its dependence on
the scattering length a is determined by
(55)
∂
∂a
=
∂g¯
∂a
· 〈Oˆc〉 = g¯
2
ga
· 〈Oˆc〉 .
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The requirement of a finite energy density which depends in a continuous manner on a,
therefore implies that the combination
(56) lim
Λ→∞
g¯2(Λ) · 〈Oˆc(R)〉 = ~
4
m2
· C(R)
remains finite as the cutoff is taken to infinity. The relation (56) defines the contact
density C in the zero range limit. It leads immediately to the local form of the Tan
adiabatic theorem
(57)
∂
∂a
(R) =
~2
4pima2
· C(R) or ∂
∂(1/a)
(R) = − ~
2
4pim
· C(R) ,
which may be viewed as a special case of the Hellman-Feynman theorem for systems
with zero range interactions. In its integral form, this coincides with Eq. (31) where
the contact has been defined in a purely thermodynamic manner. In order to derive
the connection between the contact density and the tail of the momentum distribution
mentioned above, we consider the total energy density in the translation invariant case
(58)  =
∑
σ
∫
q
q nσ(q) +
1
g¯
· ~
4C
m2
.
It is a sum of the kinetic and the interaction contribution which involve the momentum
distribution nσ(q) and the contact density, according to its definition in (56). With a
finite value for C, the interaction term apparently diverges linearly with the cutoff, as
noted above. This divergence is cancelled, however, by a divergence in the kinetic energy.
To see this, the interaction term is rewritten by using Eq. (52). This leads to a sum of
two finite contributions for the total energy density
(59)  =
∑
σ
∫
q
q
[
nσ(q)− C
q4
]
+
~2C
4pima
,
which is the Tan energy theorem [46]. The finiteness of the momentum integral implies
that the contact density determines the weight of the tail
(60) lim
q→∞nσ(q) =
C
q4
for q  kF , 1/λT
of nσ(q) at large momentum, which is identical for both spin polarizations σ = ±1,
even if the gas is not balanced. In practice, the power law behavior ∼ 1/q4, which
was realized first by Haussmann [72], applies for momenta larger than the characteristic
scales kF , 1/λT (
11). It is therefore observed most easily in a deeply degenerate gas
(11) For a > 0, one needs q  1/a in addition due to the presence of two-body bound states.
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near unitarity, where it appears already at q & 2kF [72]. A remarkable consequence of
the result (59) is that the total energy of Fermions with zero range interactions can be
expressed completely in terms of the momentum distribution, i.e. the Fourier transform
of the one-particle density matrix (12). A direct proof of the asymptotic behavior (60)
of the momentum distribution can be given by using the operator product expansion.
Indeed, the singular operator Oˆc which arises in the interaction energy also appears as a
non-analytic term ∼ |x| g¯2Oˆc in the short-distance expansion
(61) Ψˆ†σ(R+
x
2
)Ψˆσ(R− x
2
)= nˆσ(R) + ix · pˆσ(R)− |x|
8pi
g¯2(Λ) Ψˆ†↑Ψˆ
†
↓Ψˆ↓Ψˆ↑(R) + . . .
of the one-particle density matrix as |x| → 0 [57]. Taking the expectation value and
noting that the Fourier transform of |x| is −8pi/q4 immediately gives (60).
For a better understanding of the physical meaning of the contact density introduced
formally in Eq. (56), it is convenient to consider the density correlation function
(62) 〈nˆ↑(R+ x/2) nˆ↓(R− x/2)〉=n↑(R)n↓(R)g(2)↑↓ (x,R)
between two Fermions with opposite spin at short separation |x|. In the limit kF lvdw  1
of a dilute gas, the probability ∼ (kF lvdw)s (see section 1.3) that a third Fermion is
also close by is negligible. The two Fermions thus only feel their two-body interaction.
Formally, the product
(63) lim
r→0
ψˆ↓(R− x/2) ψˆ↑(R+ x/2) = ψ0(r)
4pi
φˆ(R)
of two operators at short distances is therefore proportional to the two-body wavefunc-
tion ψ0(r) in vacuum and an operator φˆ(R), which is regular as r → 0 and finite in the
zero range limit. To determine the form and normalization of ψ0(r) and the connnection
between the operator φˆ(R) and the contact density, we note that the Schro¨dinger equa-
tion for relative motion of two particles with zero angular momentum - which always
dominate at short distances - reads
(64)
[
d2
dr2
− mV (r)
~2
]
χ(r; k) = k2 χ(r; k)
for χ(r; k) = r ·ψ(r; k). The asymptotic behavior χ(r; k = 0) ∼ (1−r/a) of the associated
zero energy solution at distances large compared to the range of the potential defines
the exact scattering length. Within the zero range approximation, this behavior remains
valid also at short distances, where the actual two-body potential V (r) becomes infinitely
(12) For interactions which are not of zero range, the total energy is still determined by the
one-particle Green function, however it requires knowledge of its full momentum and frequency
dependence [73].
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repulsive and thus always dominates the kinetic energy∼ k2. Choosing ψ0(r) = 1/r−1/a,
it turns out that the operator introduced in (63) is given by
(65) φˆ(R) = lim
Λ→∞
4piaB(Λ) ψˆ↓(R)ψˆ↑(R) .
Indeed, in terms of this operator, the definition (56) of the contact density may be
rewritten in the form
(66) C(R) = lim
Λ→∞
(4piaB(Λ))
2 〈Oˆc(R)〉 = 〈φˆ†(R)φˆ(R)〉 .
A simple product of Eq. (63) and its hermitean conjugate, which is legitimate to leading
order, then leads to a singular behavior
(67) 〈nˆ↑(R+ x
2
) nˆ↓(R− x
2
)〉 = C(R)
16pi2
(
1
r2
− 2
ar
+ . . .
)
of the dimensionless pair distribution function g
(2)
↑↓ (x,R) ∼ C(R)/|x|2 for opposite spins
as |x| → 0, consistent with the linear divergence with cutoff of the interaction energy
density int = ~4C/(m2g¯(Λ)). The short distance behavior (67) is valid for length scales
lc smaller than the inverse characteristic momenta in Eq. (60), i.e. for |x| < n−1/3, λT .
For a homogeneous, balanced Fermi gas with density n = n↑ + n↓ = 2n↑, the stan-
dard connection between g(2)(x) and the static structure factor implies that the singular
behavior (67) gives rise to a quite slowly decaying tail
(68) S↑↓(q) =
C
8n↓
(
1
q
− 4
piaq2
+ . . .
)
in the structure factor for opposite spins at large momenta [74, 75]. As mentioned above,
this relation can be used to measure the contact density of the Fermi gas near unitarity
via Bragg spectroscopy, which in fact gives access to the full dynamical structure factor
S(q, ω) [68, 65]. For a simple physical interpretation of the anomalous behavior (67),
it is useful to recall the standard definition of a pair distribution function and ask how
many ↑-Fermions will - on average - be found in a sphere of radius b around a ↓-Fermion
fixed at some position R. At large distances b  n−1/3, the presence of a ↓-Fermion at
R becomes irrelevant and N↑(b,R) = n↑(R) · 4pib3/3 scales linearly with the volume of
the sphere. By contrast, in the limit where re < b  lc this number can be calculated
using the short distance behavior (67), which gives
(69) N↑(b→ 0,R) =
∫
|x|<b
d3x
〈nˆ↑(R+ x) nˆ↓(R)〉
n↓(R)
=
C(R)
4pin↓(R)
· b .
For a strongly interacting, degenerate gas where lc ' n−1/3, the number of ↑-Fermions
in a sphere whose radius is below the average interparticle spacing therefore scales lin-
early with the radius of the sphere instead of linearly with its volume! This anomalous
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behavior is a result of the 1/r2-dependence of the probability density |ψ0(r)|2 at short
distances, which cancels the factor 4pir2 from the volume element. The number of ↑-
Fermions in the range re < b  n−1/3 is therefore linear in b, vanishing much more
slowly than the naively expected b3-law, which would apply if g
(2)
↑↓ (0,R) were finite. For
distances below the effectice range re, the details of the short range repulsion matter,
typically leading to an exponentially small N↑(b  re) ∼ exp (−(re/b)α) (13). In the
limit n↓ → 0 of a strongly imbalanced gas, the contact density has to vanish because
there is no tail in the momentum distribution for a single-component, non-interacting
Fermi gas. It turns out that in this limit C ∼ s˜ kFn↓ vanishes linearly with the minority
density with a dimensionless prefactor s˜ of order one and kF the Fermi wave vector of
the majority component [76]. The ratio C/n↓ in Eqs. (68) and (69) thus stays finite in
the limit of a single down-spin. Finally, we add three brief comments:
a) the derivation of the Tan relations in the zero range model provides a simple
example of an anomalous dimension. Indeed, the naive scaling dimension of the operator
φˆ(R), which consists of a product of two Fermionic field operators ψˆ↓(R)ψˆ↑(R) is three.
The short distance singularity ψ0(r) ∼ (1/r − 1a) of the two-body wavefunction within
the zero range model, however, makes the product of two field operators at the same point
in space ill-defined. Eq. (65) shows that a finite limit is only obtained by multiplying
this product with aB(Λ) ∼ 1/Λ, which gives an additional factor of length. As a result,
the operator φˆ(R) has scaling dimension ∆φ = 2∆ψ − 1 = 2, as used in Eq. (23). This
anomalous dimension shows up in the linear dependence Z˜ ' kF r?/2 of the closed channel
fraction of the unitary Fermi gas on kF discussed above. Indeed, since the product
φˆ†(R)φˆ(R) has dimension four, the integral
∫
R
C(R) which appears in the number of
closed channel molecules (47) is not simply ∼ N but scales like ∼ kF ·N , as is necessary
to make Z˜ dimensionless.
b) The Tan relations can also be derived for Fermions in either two or in one dimension
with only slight changes, see Werner and Castin [77] (who also provide a careful discussion
of finite range corrections ∼ kF re) or Barth and Zwerger [78]. In both cases, zero range
interactions give rise to a momentum distribution nσ(q)→ C/q4 at large momenta. The
associated contact density C again determines the dependence of the free energy as a
function of an appropriately defined scattering length.
c) An analog of the Tan relations can also be proven for repulsive two-body potentials
of the form V (r → 0) ∼ 1/rs, in particular for Coulomb interactions, where s = 1. In
this case, the two-body wave function ψ0(r) = 1 + r/(2aB) + . . . is finite near the origin
but non-analytic. This gives rise to a universal power law n(q → ∞) ∼ g(2)↑↓ (0)/q8 in
the momentum distribution. Its strength is determined by the pair distribution function
g
(2)
↑↓ (0) at vanishing separation which is now finite, see Hofmann et.al. [79].
(13) This is a result of the fact that the exact two-body wave function ψ(r) vanishes very quickly
at short distances. Taking a Lennard-Jones potential for instance, the 1/r12 repulsion leads to
an exponent α = 5.
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3. – UNITARY FERMIONS: UNIVERSALITY AND SCALE INVARIANCE
The ability to tune the strength of interactions in a two component Fermi gas via
a Feshbach resonance allows to explore the crossover from a BCS superfluid, when the
attraction is weak and pairs overlap strongly, to a molecular condensate of tightly bound
pairs which may properly be viewed as Bosons (14) . Of particular interest in this
context is the unitary regime kF |a|  1, where the scattering length is much larger than
the interparticle spacing. As emphasized by Bertsch [83], this limit is relevant not only
for cold atoms near a Feshbach resonance but may also serve as an idealized model for
understanding the equation of state of low density nuclear matter in neutron stars (for a
recent discussion of this subject see [84]). Historically, the point at which the scattering
length diverges was not expected to be of particular interest, because for the many-body
problem at finite density bound states are present at arbitrary coupling and the ground
state is a superfluid on both sides of the unitary point.
As realized by Nikolic and Sachdev [85], however, the unitary gas at zero density is a
quantum multicritical point, which separates the onset transition from the vacuum to a
finite density superfluid state into a regime where the flow is towards a weakly interacting
gas of either Fermions or Bosons. The thermodynamics of Fermions near unitarity is
therefore governed by a novel strong coupling fixed point and associated universal scaling
functions. Moreover, as pointed out by Nishida and Son [86], the unitary gas realizes a
non-relativistic field theory which is both scale and conformally invariant. The additional
symmetries entail a number of exact results like the existence of a breathing mode at
twice the trap frequency due to a hidden SO (2, 1) dynamical symmetry [87] or a vanishing
bulk viscosity at arbitrary temperatures [88]. In addition, they allow for a controlled
calculation of thermodynamic properties in a systematic expansion around an upper and
lower critical dimension d = 4 and d = 2, respectively [89, 90].
3
.
1. Quantum critical point and universality . – In the context of cold atoms, the no-
tion of universality is usually associated with the fact that observables depend only on
the scattering length a while all other details of the microscopic interaction are irrelevant.
Universality in this sense applies e.g. to weakly interacting Bose-Einstein condensates,
whose properties are fully characterized by the dimensionless parameter na3. As dis-
cussed above, the origin of this kind of universality is that - at low energies and densities
- the range |re| of the interactions is negligible compared to the average interparticle
spacing. Now, in more general terms, universality appears for systems near a critical
point, where a correlation length diverges and therefore the details of the underlying
microscopic Hamiltonian become irrelevant. As a result, there is a wide class of Hamil-
tonians - the critical manifold - which share the same critical behavior. To understand
the connection between this point of view and the simple truncation of the full interac-
tion to a zero range potential which has the scattering length as a single variable and
- moreover - to see which are the underlying critical points responsible for universality
(14) For further information on this subject see the reviews [4, 80, 81] or the book [82].
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in dilute, ultracold quantum gases, it is convenient to consider the onset transition at
zero temperature from the vacuum state with no particles whatsoever to the state with a
finite density [91]. For Bosons with repulsive interaction gB=4pi~2 aB/mB > 0, the onset
transition is well described by a Gross-Pitaevskii (or Bogoliubov in next-to-leading order)
theory. In particular, the density of Bosons nB(µ, T = 0) = µB/gB+ . . . vanishes linearly
for positive chemical potential while nB(µ, T = 0) ≡ 0 if µB < 0. For an arbitrary finite
value aB > 0 of the interaction between Bosons, µB = T = 0 is therefore a quantum
critical point. It separates the formally incompressible vacuum state, where the density
is pinned at zero and the superfluid, where it starts to rise linearly with µB . The fixed
point is a weak coupling one because at low densities the associated correlation length is
much larger than the average interparticle spacing. Indeed, approaching the fixed point
by decreasing the chemical potential at zero temperature, the correlation length is just
the well known healing length ξµ = ~/
√
2mB |µB | = (8pinBaB)−1/2. It is large compared
to the average interparticle spacing since nBa
3
B  1 in the low density limit. Similarly
one finds ξT '
√
λ3T /aB  n−1/3B if the critical point is approached within the quantum
critical regime, say at µB = 0. As discussed by Sachdev [91], the universality of both
thermodynamics and correlation functions of dilute Bose gases can be understood by
studying the relevant perturbations around this seemingly trivial fixed point.
For attractive, two-component Fermi gases the zero density limit turns out to be of a
fundamentally different nature depending on whether the associated scattering length a
is positive or negative. For a > 0, the existence of a two-body bound state with energy
b = ~2/ma2 implies that a finite density of Fermions appears already for a negative
(Fermion) chemical potential µ > −b/2. Since the effective interaction between two
bound Fermion pairs is repulsive with aB = add = 0.6 a (see Eq. (25)), a dilute gas
of dimers realizes a weakly interacting BEC. It is described by the theory of a dilute
Bose gas above with µB = 2µ + b. In particular, a mean-field approach is adequate in
d = 3 since this is above the upper critical dimension two [91]. For negative values of a,
there is no bound state. A finite density of Fermions thus only appears for µ > 0 with
n(µ, T = 0) ∼ µ3/2 to leading order. The attractive interaction between the Fermions
leads to the well known BCS instability, so the ground state is again a superfluid. In
the low density regime µ ~2/ma2 or - equivalently - kF |a|  1 - pairing affects only a
tiny range around the Fermi energy. A dilute Fermi gas at any finite, negative value of
the scattering length is thus described by a different but again well understood quantum
critical point at µ = T = 0 which separates the vacuum from a weak coupling superfluid
at µ > 0 and kBT  µ [91]. A completely different situation arises precisely at infinite
scattering length. There, lowering the density or chemical potential from a finite value
towards zero, one never reaches a dilute gas of either Bosons or Fermions. Instead, the
system remains at strong coupling for arbitrary small values of the density. As shown by
Nikolic and Sachdev [85], the physics of Fermions near a Feshbach resonance is governed
by a novel, non-perturbative fixed point whose properties are fundamentally different
from its weak coupling counterparts discussed above.
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To understand the crucial difference between the approach to zero density at either
positive or negative values of a and the properties of the fixed point at µ = T = 1/a = 0,
it is sufficient to consider the dependence of the dimensionless coupling constant
(70) u(Λ) =
mΛ
pi2~2
g¯(Λ) =
4aΛ/pi
1− 2aΛ/pi .
on the momentum cutoff Λ. Since Λ is inversely proportional to the effective range, u(Λ)
is essentially the ratio between the microscopic value aB(Λ) of the scattering length and
the effective range. The explicit dependence on Λ here follows from the first form of
Eq. (53), i.e. it is based on a particular form of the cutoff procedure. This will affect the
specific value u? for the fixed point, but it does not affect the overall flow. In particular,
the result dim[ν] = d − 2 below for the scaling dimension of the detuning away from
unitarity is universal. Using Eq. (70), it is easy to show that under an infinitesimal
reduction dΛ = −Λd` of the cutoff Λ(`) = Λe−`, the coupling u changes according to
(71)
du
d`
= −u− u
2
2
= β3(u) ,
which is exact to all orders in u. The flow has a stable fixed point at u?0 = 0 which
attracts either positive or small negative values of u. In addition, there is an unstable
fixed point at u? = −2, which is just the value of u attained in the limit a → ±∞
at fixed Λ. Here the flow is towards u = 0 if u > u? and to more negative values if
u < u?, see Fig. 6. A simple physical interpretation of this dependence is obtained by
considering the relation between the scattering length and microscopic parameters for an
attractive square well potential with range b and depth parameter k0, as discussed above.
Its first bound state appears at a critical value (k0b)c = pi/2. In this specific example,
the role of u(` = 0) is −(k0b)2, up to a factor of order one. The regime k0b < pi/2,
where the scattering length is negative and no bound state exists, thus corresponds to
d = 3
du
d`
u
d = 1
du
d`
u
Fig. 6. – Flow of the dimensionless coupling du/d` = βd(u) in d = 3 and d = 1. The unstable
attractive fixed point in d > 2 turns into a stable, repulsive one in d < 2.
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u? < u(` = 0) < 0. In this regime, lowering of the cutoff - which increases the scale for
measuring lengths - is associated with a flow of u(`) towards the non-interacting limit.
For k0b > pi/2, in turn, there is a two body-bound state and a positive scattering length
for particles in the continuum. This is the regime u(` = 0) < −2, where a lowering of
the cutoff leads to a flow towards more negative values of the dimensionless coupling and
thus to an increase of the two-body bound state energy. The non-trivial fixed point at
u? = −2, finally, describes the situation at infinite scattering length. For this fine tuned
value of the microscopic interaction, a reduction of the cutoff leaves the system staying
at an infinite value of a. Deviations away from this point grow under a lowering of the
cutoff, i.e. they are a relevant perturbation. To determine the dependence of this fixed
point on dimensionality and in particular the associated lower critical dimension, it is
useful to generalize the flow equation (71) to dimensions d 6= 3, where the right hand side
is replaced by βd(u) = (2 − d)u − u2/2 [85]. The unstable fixed point corresponding to
a resonance in the scattering amplitude is now at u? = −2(d− 2). It is associated with
attractive interactions only for d > 2. By contrast, for dimensions less than two, u? is
positive and the fixed point turns into a stable one, as shown in Fig. 6. This stable fixed
point describes dilute gases of either Fermions or Bosons with repulsive interactions in
d < 2, which again exhibit universal behavior in the limit of low density [91]. For ex-
ample, for Bosons in one dimension, the fixed point at u? = +2 corresponds to the well
known Tonks-Girardeau limit which describes a repulsive 1D Bose gas at low densities [4].
In d > 2, the unstable fixed point which generalizes the physics at a Feshbach res-
onance to non-integer dimensions where the low-energy scattering amplitude at ’uni-
tarity’ scales like f(q) → −1/(iq)d−2, has three relevant perturbations: the first one
is the dimensionless detuning ν = u − u? away from the resonance. In d = 3, the
associated microscopic parameter is ν ' −a¯/a (15). The scaling dimension of this per-
turbation is obtained by linearization of the flow equation around the fixed point, which
gives dν/d` = β′d(u
?) ν + . . . with a positive slope β′d(u
?) = dim[ν] = d − 2. The two
other relevant perturbations are the chemical potential and a possible finite difference
h = (µ↑ − µ↓)/2 of the chemical potentials for the two spin species, which have both
scaling dimension dim[µ] = dim[h] = 2, see the discussion below Eq. (102). The zero
temperature phase diagram in d = 3 is shown in Fig. 7 for the case of a spin-balanced gas
at h = 0. There are two lines of continuous quantum phase transitions: µ = 0, a¯/a < 0
on the fermionic side and µ/E¯ = −(a¯/a)2, a¯/a < 0 on the bosonic side. Both lines
separate the zero density vacuum from a finite density superfluid. The unstable fixed
point at ν = 0 is the joint endpoint of these two lines and is thus a multicritical point.
There is no phase transition at finite density, only a smooth crossover between the BCS
(15) This follows from expanding Eq. (70) near the fixed point u? = −2 at a = ±∞ and iden-
tifying the short distance cutoff pi/Λ ' a¯ with the effective range. Note that the parameter ν
characterizes the microscopic two-body interaction. It should not be confused with the dimen-
sionless coupling constant −1/kF a of the gas at finite density.
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degenerate gas Superfluid
Fig. 7. – Left: Zero temperature phase diagram of a dilute Fermi gas with attractive interactions.
The unstable fixed point at zero chemical potential and infinite scattering length a¯/a = 0
describes the physics near a Feshbach resonance (from [85]). Right: Phase diagram at finite
temperature at unitarity a¯/a = 0. For µ > 0 there is a superfluid phase below kBTc ' 0.4µ. In
addition, there is a quantum critical regime above the fixed point for |µ|  kBT (from [92]).
and BEC limits. At finite temperature, the phase diagram at infinite scattering length
displays a superfluid below a critical temperature kBTc ' 0.4µ which scales linearly with
µ. The associated numerical factor 0.4 is taken from the experiment by Ku et.al. [93]
which will be discussed below. There is a quantum critical regime |µ|  kBT above
the fixed point which crosses over to a non-degenerate gas and eventually to the vacuum
state along the line T = 0, µ < 0. Approaching the fixed point at µ, ν, T = 0 from either
the superfluid or the normal phase, the correlation length diverges. In the superfluid,
the fact that µ = ξs ~2k2F /2m at zero temperature with a universal value ξs ' 0.37 of the
Bertsch parameter implies that ξµ = 1/(
√
ξskF ) ' 1.6/kF ' 0.5n−1/3. Similarly, the
property of scale invariance at vanishing chemical potential fixes the correlation length
in the quantum critical regime to be ξT ' 1.43n−1/3 (for a derivation of this result see
Eq. (97) below). In both cases, the correlation length diverges like the average interpar-
ticle spacing itself, i.e. the fixed point is a strong coupling one.
In contrast to conventional quantum critical points, which separate two phases of
finite density, the quantum critical points discussed above are quite unusual because one
of the phases is a trivial vacuum state. Nevertheless, these fixed points describe the ther-
modynamics and correlation functions of dilute gases in the three possible universality
classes which show up in the present context: a) the weak coupling BCS superfluid in the
regime a < 0 and kF |a|  1 i.e. µ/E¯  ν2, b) the dilute gas of bosonic dimers if a > 0
and nBa
3
B  1 i.e. µB/E¯  ν2 and - finally - c) the unitary superfluid characterized
by a¯  n−1/3  |a| or ν2  µ(B)/E¯  1. In particular, the unstable fixed point at
unitarity, where Tc(µ) ∼ µ rises linearly with µ, governs the complete thermodynamics at
finite temperature T , chemical potential µ and the detuning ν of dilute, ultracold gases
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near a scattering resonance. The thermodynamic functions in the vicinity of this fixed
point therefore exhibit scaling. Specifically, the dimensionless pressure βλ3T p of the gas
is determined by a universal function (16)
(72) βλ3T p(µ, T, 1/a) = fp (βµ,
λT
a
)
of the dimensionless variables βµ and λT /a. As will be discussed below, precisely this
function has been measured by Ku et.al. [93] for the unitary gas at a = ±∞ in the relevant
range of βµ between the non-degenerate limit at βµ ' −1.6 down to and below the
superfluid transition at (βµ)c ' 2.5. From Eq. (72) all other thermodynamic properties
can be deduced by differentiation. For example, using Eq. (30), the density equation of
state and the Tan contact follow from
(73) λ3T n(µ, T, 1/a) =
∂fp (x, y)
∂x
and λ4T C(µ, T, 1/a) = 8pi2
∂fp (x, y)
∂y
The result (72) appears to be obvious from dimensional arguments: it just states that the
dimensionless combination βλ3T p can only depend on the dimensionless ratios βµ and
λT /a provided a is the single relevant length scale. In this form, it has been written down
first by Ho [94]. One may thus ask what is the additional insight gained by realizing the
connection to the unstable fixed point at zero density discussed in some detail above.
The answer is apparent from Fig. 7: just as in critical phenomena, the universality of
the unitary gas is related to a RG fixed point at which a correlation length diverges.
The dimensionless variables βµ and λT /a describe the two relevant perturbations away
from this fixed point. Eq. (72) is therefore analogous to the existence of a universal
scaling function fsing(h, t) for the singular contribution to the free energy density near
a continuous, finite temperature ferromagnetic transition, where a non-zero magnetic
field h or a deviation t = (T − Tc)/Tc away from the critical temperature are relevant
perturbations. That simple dimensional analysis is sufficient for the scaling function is a
consequence of the fact that in the present case thermodynamic variables like pressure or
density do not exhbit an anomalous dimension, in contrast to observables like the three-
body loss rate L3 ∼ (kF lvdw)2γ which involves the additional microscopic length lvdw. A
further simplification which appears in the present case as a result of the fact that the
fixed point is at zero density is that it is the full thermodynamic potentials which exhibit
scaling rather than a singular contribution on top of a smooth background as usual,
where scale invariance at the fixed point only appears for a suitable order parameter but
not for the complete microscopic Hamiltonian.
(16) Here we do not discuss imbalanced Fermi gases, which may arise at finite values of the
chemical potential difference h = (µ↑−µ↓)/2. For an introduction to this quite rich subject see
the reviews by Chevy and Salomon and by Recati and Stringari in [82].
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Apart from this conceptual insight, the analysis of the unitary gas fixed point in
dimensions away from d = 3 is also useful for quantitative calculations of universal num-
bers like the Bertsch parameter or the critical temperature for the superfluid transition
within a systematic expansion around the upper and lower critical dimensions d = 4 and
d = 2. This possibility has first been realized by Nishida and Son [89]. It is based on
the observation [95] that the unitary gas in four dimensions is an ideal Bose gas while
in two dimensions, it is an ideal Fermi gas. This surprising statement can be under-
stood in physical terms by noting that in four dimensions a two-particle bound state
in a zero range potential only appears at infinitely strong attraction. Thus, already at
an arbitrary small value of the binding energy, the associated dimer size vanishes, quite
in contrast to the situation in d = 3, where the size of the two-particle bound state is
infinite at unitarity. The unitary Fermi gas in four dimensions is thus a non-interacting
BEC, similar to the limit a→0+ in three dimensions. The d = 4−  expansion may be
complemented by an expansion around the lower critical dimension, which is two for the
present problem [95, 90]. Indeed, for d ≤ 2 a bound state at zero binding energy appears
for an arbitrary weak attractive interaction. An expansion around d = 2 +  is thus
effectively one around the non-interacting Fermi gas. Since pairing is an effect that only
appears at order exp−1/, this expansion only covers quantities which are not sensitive
to superfluidity, for instance the equation of state and the Bertsch parameter, which is
zero in d = 4 and equal to one in d = 2. For quantitatively reliable results in the relevant
case d = 3, the  = 4− d expansion has been extended up to three loops [96]. Within a
Pade´ resummation that takes into account the exactly known limits ξs(d→ 2) = 1 and
ξs(d→ 1) = 4, the resulting value in 3D is ξs = 0.365 ± 0.01 [97, 16]. This is perfectly
consistent both with experiment (see below) and with the result ξs = 0.36 obtained from
a diagrammatic calculation based on the Luttinger-Ward approach [98].
Before discussing the experimental results for the thermodynamics of the unitary
gas, it is important to distinguish the origin of universality in this context from the
more familiar but quite different one which underlies the standard BCS description of
fermionic pairing. The origin of universality in BCS theory relies on two assumptions:
the attractive interaction is weak and, moreover, non-vanishing only in a thin shell of
thickness ~ωc  εF around the Fermi surface. As a result, there is a separation of energy
scales kBTc,∆  ~ωc  εF . Here, the first inequality arises from the fact that both
the critical temperature and the gap ∆ ' ~ωc exp (−1/gN(0)) are suppressed by an
exponentially small factor which only involves the product gN(0) 1 of the strength g
of the pairing interaction at the Fermi energy and the associated density of states N(0).
With these conditions, the BCS description of the paired superfluid is universal in the
sense that the thermodynamic functions are independent of the cutoff ωc and identical
for all weak coupling superconductors if energies are measured in units of ∆ or kBTc. A
particular consequence of BCS universality is that the compressibility is not affected at all
by the superfluid transition [99]. In ultracold atoms, the situation is completely different.
Indeed, as discussed in section 1.2, the effective range of the interactions in cold gases
is re ' 3 lvdw for open or |re| ' 2 r∗ for closed channel dominated Feshbach resonances.
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The relevant energy cutoff ~ωc is thus either the van der Waals energy Evdw or the much
smaller energy ∗ = ~2/m(r∗)2. Since Evdw  εF in the standard regime of dilute gases
defined in Eq. (1), the effective interaction between Fermions obeys kF |re|  1 if it is
due to an open channel dominated resonance. In contrast to standard BCS theory, the
gap therefore exhibits no energy dependence in the relevant range below εF and the
characteristic scale for the critical temperature is set by TF . In weak coupling, where
kF |a|  1, one obtains
(74) Tc =
8 exp (γE)
(4e)1/3pie2
TF exp
(−pi/2kF |a|) = 0.277TF exp(−pi/2kF |a|) ,
a result which has been derived by Gorkov and Melik-Barkhudarov in 1961 [100] (γE =
0.577 is Euler’s constant). Since the cutoff scale Evdw is much larger than the Fermi
energy, the ratio Tc/TF is a universal function of kFa. In particular, the slope (kBT/µ)c '
0.41 of the superfluid transition line in Fig. 7 fixes the corresponding linear dependence
Tc/TF ' 0.16 of Tc on the Fermi energy at unitarity. More generally, as emphasized
above, the universality relevant for dilute gases is related to fixed points at zero density
and relies on being able to take the zero range limit kF |re|→0. A description equivalent
to that of BCS is possible only in the opposite limit kF |re|  1, which is incompatible
with our basic definition (1) of a dilute gas. In practice, the regime kF |re|  1 becomes
relevant for ultracold gases if one considers closed channel dominated resonances, for
which the condition kF r
∗  1 of a ’narrow’ Feshbach resonance can be achieved. The
theoretical description is then very much simplified because the bosonic field Φˆ in the
basic two channel Hamiltonian (9) can be replaced by a c-number gap function ∆(x) via
(75) g˜
∫
x′
χ(|x− x′|) Φˆ†(x+ x
′
2
) → ∆(x) .
The two channel model is thus reduced to the exactly solvable BCS Hamiltonian. Physi-
cally, the mean field replacement (75) is legitimate because for sres  1 the closed channel
state is responsible for the interaction between the Fermions in the open channel but is
unaffected by their condensation, similar to phonons in a conventional superconductor.
Motivated by its relevance in the regime kF r
∗  1 of narrow Feshbach resonances, an ex-
tended BCS description of fermionic pairing at arbitrary coupling strength has been used
in many publications, in particular in connection with imbalanced Fermi gases, see e.g.
the detailed analysis in Ref. [101]. It should be kept in mind, however, that the extended
BCS description does not account for the collective excitations in neutral superfluids as-
sociated with the Bogoliubov-Anderson mode [4]. It only captures fermionic excitations
and is thus inapplicable at finite temperature beyond the weak coupling limit. In the
following, we focus on fermionic pairing in dilute gases in the relevant regime kF |re|  1
associated generically with open channel dominated resonances. They realize a novel
universality class which is associated with the fixed point structure discussed in Fig. 7.
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3
.
2. Thermodynamics of the unitary Fermi gas. – Following the first experimental
realizations of strongly interacting Fermi gases near a Feshbach resonance [102, 103, 104,
105, 106], a lot of effort has been spent to measure their thermodynamic properties and in
particular to determine the associated universal numbers which characterize the unitary
gas like the Bertsch parameter ξs (the subscript in ξs is a reminder of the fact that
the parameter refers to the superfluid state). As mentioned in the context of Eq. (43)
above, it may be defined by the ratio ξs = 0/
(0) = p0/p
(0) of the ground state energy
density or pressure to its values (0) = 3p(0)/2 = 3nεF /5 in the non-interacting Fermi
gas. The Bertsch parameter also determines the enhancement of the zero temperature
compressiblity κ0/κ
(0) = 1/ξs due to the attractive interactions compared to its value
κ(0) = 3/(2nεF ) in the absence of interactions. Superfluid properties of the unitary gas
are associated with new and independent universal numbers. Of particular interest are
the ratios Tc/TF and ∆/εF which determine the critical temperature for the superfluid
transition and the zero temperature gap for fermionic quasiparticles.
Experimentally, the first measurements of the Bertsch parameter relied on determin-
ing the reduction of the release energy [14] or of the cloud size observed by in-situ imaging
of the density distribution [104]. The values ξs = 0.36±0.15 and ξs = 0.32±0.13 obtained
were smaller than those claimed in subsequent experiments [107, 108, 109, 110, 111]. They
are close, however, to the value ξs = 0.37 ± 0.01 obtained in the most precise measure-
ments to date by M. Zwierlein and coworkers at MIT [112, 93]. In these measurements,
all thermodynamic functions are determined from the density profile n(V ) as a function
of the trap potential V (x). Since the latter is cylindrically symmetric, with harmonic
confinement along the axial direction, the 3D density n(V ) may be obtained from an
inverse Abel transform of the measured column density. To determine the equation of
state from n(V ) one uses the local density approximation (LDA), where thermodynamic
quantities like the pressure p(x) are given by the corresponding equilibrium values in
the uniform system evaluated at the local density n(x) (17). Within LDA, the change
in the local chemical potential dµ = −dV is just the negative of the change dV in the
local potential. Using dp = ndµ, the pressure therefore follows from an integration
p(µ) =
∫ µ
−∞ dµ
′n(µ′) =
∫∞
V
dV ′n(V ′). In turn, the compressibility n2κ(µ) = −dn/dV
requires to differentiate n(V ) once. Remarkably, using the pressure p and compressibility
κ as variables, the complete thermodynamics of the unitary gas may be inferred just from
the density distribution n(V ), with no other input whatsoever [93]. This relies on the fact
that both the normalized pressure p˜(θ) = p/p(0) and compressibility κ˜(θ) = κ/κ(0) only
depend on the dimensionless temperature θ = T/TF . Since the latter cannot be directly
measured in an ultracold gas, one eliminates θ from κ˜ and p˜, thus arriving at a compress-
ibility equation of state which - for the unitary gas - is a universal function κ˜(p˜) defined
for p˜ ≥ ξs. The Bertsch parameter ξs may be obtained from the limit κ˜(ξs) = 1/ξs of
(17) LDA is essentially the leading order in a semiclassical approximation [113]. For the unitary
gas in a harmonic trap, ’bulk’ properties like the total energy become exact in LDA for large
particle number N , with corrections which vanish like N−2/3 [114, 115].
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the dimensionless compressibility at the lowest possible value of the pressure or, alterna-
tively, from κ˜ = 1/p˜ at T = 0. Since every experimental profile n(V ) at unitarity must
give rise to the same universal curve κ˜(p˜), this function may be determined with high
precision by averaging over many profiles. Moreover, it also allows to determine in a
very precise manner the temperature of the gas and the dimensionless variable βµ. This
is necessary to finally cast the results into the more conventional form of the universal
scaling function defined in Eq. (72).
The possibility to infer the complete thermodynamics just from an analysis of density
profiles crucially relies on the fact that the unitary gas is a scale invariant system. As
will be discussed in detail in section 3.4, this implies that pressure and energy density are
related by p = 2/3. An immediate consequence of this relation is that both the pressure
and the thermal expansion coefficient
(76) βV =
(
∂p
∂T
)
V
= γcV and αp =
1
V
(
∂V
∂T
)
p
= κT · γ cV
are directly proportional to the specific heat per volume cV . The associated prefactor is
a universal dimensionless number γ = 2/3 which - in the context of thermal expansion
in an anharmonic solid - is called the Gru¨neisen parameter [116]. A second consequence
of scale invariance in the form U = 3pV/2 follows from the quite general thermodynamic
relation
(77) T
(
∂p
∂T
)
V
= p+
(
∂U
∂V
)
T
−→ T
(
∂p
∂T
)
V
=
5
2
p− 3
2
1
κT
.
For a scale invariant system, this connects the pressure coeffcient with p itself and the
inverse compressibility 1/κT = −V (∂p/∂V )T . In terms of the variables p˜ and κ˜ intro-
duced above, which depend on temperature only via θ = T/TF , this can be rewritten in
the form
(78)
dp˜
dθ
=
5
2θ
(
p˜− 1
κ˜
)
=
5
3
CV
NkB
(> 0) ,
connecting the pressure coefficient and the specific heat per particle with the dimen-
sionless temperature, pressure and compressibility. In order to convert back from the
pressure thermometer that is used in the function κ˜(p˜) to the actual dimensionlesss tem-
perature θ which monotonically decreases from the edge of the cloud towards its center,
one integrates the first equation in (78). The relation
(79) θ(p˜) = θ(p˜i) exp
[
2
5
∫ p˜
p˜i
dp˜
p˜− 1/κ˜(p˜)
]
then allows to determine the reduced temperature θ = T/TF from the known function
κ˜(p˜) provided an initial value θ(p˜i) is known [93]. This crucial step, which avoids the
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uncertainties involved in any direct thermometry of the gas, relies on the fact that p˜(θ) is
a continuous and monotonically increasing function of θ. It can thus be uniquely inverted
to give θ(p˜). Note that this is possible despite the fact that in order to obtain θ(p˜) in the
temperature range below the superfluid transition, the integration in Eq. (79) includes
the dimensionless pressure p˜c ' 0.51 [98] below which the gas becomes superfluid. As
is evident from Eq. (78), however, the function p˜ − 1/κ˜(p˜) = 2θ CV /3NkB is positive
and continuous. Its inverse is thus integrable even in the thermodynamic limit, where
CV /NkB exhibits a singularity (see below).
In practice, one chooses the initial value θ(p˜i) in the regime p˜, θ  1 where the virial
expansion (note that 4/(3
√
pi θ3/2) = nλ3T /2)
(80) p˜(θ) =
5
2
θ ·
∞∑
l=1
al
(
4
3
√
pi θ3/2
)l−1
=
5
2
θ ·
(
1− 1√
2pi θ3/2
+
16a3
9pi θ3
+ . . .
)
for the pressure of the two component Fermi gas applies. The associated dimensionlesss
coefficients al are fixed by the standard virial coefficients bl via a1 = b1 = 1; a2 =
−b2; a3 = 4b22 − 2b3 etc.. In particular, for the unitary gas, the Beth-Uhlenbeck formula
for the second virial coefficient gives a2 = −3/(4
√
2) [117] while a3 ' 1.71 (18). The
latter follows from b3 ' −0.29 which has been inferred from a numerical calculation
of the energy spectrum of three Fermions in a harmonic trap [118] or a diagrammatic
expansion in powers of the fugacity [119]. Finally, the dimensionless parameter βµ may
be determined by converting the measured function κ˜(p˜) to κ˜(θ) and using the relation
(81)
dθ
d(βµ)
= −θ2 · κ˜ −→ (βµ)(θ) = (βµ)(θi)−
∫ θ
θi
dθ
θ2κ˜(θ)
which follows from n2κT = (∂n/∂µ)T . As in Eq. (79) above, the initial value (βµ)(θi)
for the integration can be assumed to be in the range where the virial expansion nλ3T =
2
∑∞
l=1 lblz
l with fugacity z = exp (βµ) allows to analytically connect βµ with θ. Note
also that knowledge of the chemical potential of the unitary gas as a function of T/TF
directly determines the entropy per particle via S/NkB = p˜/θ − βµ as a simple conse-
quence of the Gibbs-Duhem relation with U = 3pV/2 from scale invariance.
The experimental results obtained in this manner are shown in Fig. 8. Here, on the
left, the pressure p(βµ) of the unitary gas normalized to that of a non-interacting two-
component Fermi gas at the same value of βµ is plotted in the experimentally accessible
range −1.6 . βµ . 4.2. The horizontal line are the results for the non-interacting gas
at zero scattering length. They agree perfectly with the textbook prediction and thus
indicate the level of accuracy achieved in these measurements. For the unitary gas, the
(18) The large and positive value of a3 is a consequence of the repulsive atom-dimer interaction
for Fermions mentioned in section 1.3.
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Fig. 8. – Pressure and entropy of the unitary Fermi gas as a function of βµ and T/TF respectively.
The experimental data are compared with the theoretical predictions from a Luttinger-Ward
approach, which are shown as open squares (from [93]). The solid line is the entropy of an ideal
Fermi gas which - surprisingly - is almost identical with that of the unitary gas above Tc.
experimental data directly determine the universal scaling function fp(βµ, 0) defined in
Eq. (72). The theoretically predicted results based on the Luttinger-Ward approach are
quite close to the measured data except near βµ ' 2. There is, moreover, a small range
of multivaluedness in the theory near βµ ' 2.5 which is associated with the weak first
order nature of the superfluid transition in this approach. This problem is hardly visible
in the entropy per particle as a function of T/TF , which agrees extremely well with the
experimental results over the complete range of temperatures. In particular, the en-
tropy per particle at the transition Sc = (0.73± 0.13)NkB is very close to the predicted
value 0.71 [98]. Overall, therefore, the Luttinger-Ward approach provides a quantita-
tively reliable description of the data, including the range where the gas is superfluid.
Note that there is no adjustable parameter at all in both the experimental and the the-
oretical results. In the normal fluid regime βµ . 2.5, an essentially perfect agreement
between experiment and theory is achieved within the Bold Diagrammatic Monte Carlo
method [112], which has not, however, been extended into the superfluid regime so far.
The Bertsch parameter requires an extrapolation towards zero temperature which is ob-
tained most conveniently from either the compressibility κ or the chemical potential [93].
After correcting for the position of the Feshbach resonance, which is at B0 = 832.18 G
rather than the value 834.15 G assumed in Ref. [93], one obtains ξs = 0.37 ± 0.01 [9].
Now, as mentioned in section 2.4, the Bertsch parameter is a universal number only in
the zero range limit. Its finite range corrections have been obtained numerically and are
of the form ξs(re) = ξs + 0.12 kF |re| + . . . [120]. Since re = 3a¯ for the open channel
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Fig. 9. – Specific heat and compressibility of the unitary Fermi gas as a function of T/TF .
The experimental data are compared with the theoretical predictions from a Luttinger-Ward
approach, which are indicated by the solid line.
dominated resonance in 6Li and with kF a¯ ' 10−2, these corrections are of order 0.003.
They indicate that the true universal value ξs of the Bertsch parameter is slightly smaller
than 0.37, in agreement with the prediction of both the -expansion and Luttinger-Ward.
A quite sensitive measure for the critical temperature of the superfluid transition
is obtained by considering the specific heat per particle and the compressibility of the
gas as a function of T/TF . The results are shown in Fig. 9. They clearly exhibit a
sharp feature in both CV and κ which coincides with the sudden drop of the entropy in
Fig. 8. The experimental estimate Tc/TF = 0.16± 0.01 [93] for the critical temperature
is consistent again with the predicted value from the Luttinger-Ward approach and with
results obtained via quantum Monte Carlo, which give Tc/TF = 0.152(7) [121] or Tc/TF =
0.171(5) [122]. The fact that both the specific heat and the compressibility exhibit a
pronounced maximum at the transition is expected from the critical behavior in the
infinite system. For the specific heat the associated singularity is of the form
(82)
CV (T ' Tc)
NkB
= c˜V (Tc)−A± · |t|−α + . . . t = (T − Tc)/Tc .
The critical exponent α ' −0.01 and the amplitude ratio A+/A− ' 1.05 are known from
the theory of the 3D XY-model [123]. They have been measured very precisely [124] in
the case of the superfluid transition in 4He, which is in the same universality class. The
fact that −α is rather small and positive leads to a specific heat which exhibits a very
sharp cusp but remains finite at Tc. The associated peak value c˜V (Tc) at the tip is non-
universal in the case of 4He. For the unitary Fermi gas, however, it is again a universal
constant. An upper bound for this is obtained by using the second relation in Eq. (78).
Specifically, the fairly well known values θc ' 0.16 for the critical temperature and the
critical pressure ratio pc/p
(0) ' 0.51 together with the positivity of the compressibility
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Experiment Large-N LuttWard BoldDiagMC
n(µ = 0)λ3T 2.966(35) [93] 2.674 [92] 3.108 [98] 2.90(5) [112]
p [nkBT ] 0.891(19) [93] 0.928 [92] 0.863 [98] 0.90(2) [112]
s [nkB ] 2.227(38) [93] 2.320 [92] 2.177 [98] 2.25(5) [112]
C(µ = 0)λ4T 26.84 [92] 28.54 [54] 27.2(1.7) [66]
Table I. – Thermodynamic properties of the unitary Fermi gas in the quantum critical regime
β|µ|  1: density n = n(µ = 0, T ), pressure p, entropy density s and contact density C. The
Large-N results are extrapolated to N = 1 (from Ref. [92]).
imply an upper bound c˜V (Tc) . 4.8 which is about a factor two larger than the maximum
value observed in the trapped system. This is expected, since the singularity (82) is in
practice rounded both due to finite size effects and the finite resolution of the imaging
system. The former provide a cutoff in a temperature range |t|R . (ξ0/R)1/ν , where
the correlation length ξ = ξ0 · |t|−ν of the infinite system is larger than the trap size
R. In order to infer the singular behavior of the compressibility in the infinite system,
one notes that the pressure p˜ = p˜c +O(|t|1−α) has a weaker singularity than the specific
heat. Using again the second relation in Eq. (78), this implies that κ˜ is finite at Tc and
has the same type of singular behavior as the specific heat. Finally, we mention that
at very low temperatures the specific heat per volume cV (T ) = 2pi
2kB (kBT/~c)3/15 is
again a universal function which only involves the velocity c = vF
√
ξs/3 ' 0.36 vF of the
Bogoliubov sound modes of the superfluid [4]. Unfortunately, the regime of temperatures
where phonons dominate has not been accessible so far.
Universal numbers also characterize the quantum critical regime |µ|  kBT of the
unitary gas in the normal phase above the quantum critical point of Fig. 7. In particular,
Eq. (73) shows that both particle and contact density
(83) n(µ = 0, T ) = fn(0) · λ−3T and C(µ = 0, T ) = fC(0) · λ−4T
vanish with simple power laws in the inverse thermal wavelength 1/λT . The associated
prefactors fn(0) = ∂xfp|x,y=0 and fC(0) = 8pi2∂yfp|x,y=0 are universal constants and are
determined by the basic scaling function fp(x, y) defined in Eq. (72). In Table I, the
experimental results for fn(0) ' 3 from the density equation of state [112] and other
thermodynamic properties in the quantum critical regime are compared with various
theoretical approaches, including the self-consistent Luttinger-Ward theory [72, 98, 54]
and Bold Diagrammatic Monte Carlo (BDMC) [112]. We also include the results of
a large-N approach [92] extrapolated to N = 1. This approach is equivalent to an
approximation originally introduced by Nozie`res and Schmitt-Rink [125] to describe the
BCS-BEC crossover problem at finite temperature. Remarkably, the approximation gives
reasonable results in the quantum critical regime β|µ|  1 even though it is not reliable
for a quantitative description of the crossover and the superfluid regime in particular.
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3
.
3. Luttinger-Ward theory . – The diagrammatic formalism for many-body problems
at finite temperature is based on Green functions in imaginary time τ ∈ [0, β~]. Following
standard notation [73, 126], they are defined by
(84) G(x, τ) = −〈T ψˆσ(x, τ)ψˆ+σ (0, 0)〉 and F(x, τ) = −〈T ψˆ↑(x, τ)ψˆ↓(0, 0)〉
where T is the time ordering operator. Since we consider a balanced system, the Green
function G does not depend on the spin index σ. The appearance of a superfluid phase
below a critical temperature Tc is accounted for by a non-vanishing anomalous Green
function F . For Fermions with a zero range attractive interaction only singlet pairing
is possible. This allows to again restrict F to a simple scalar. Moreover, in the absence
of any competing instabilities, the relevant two-particle Green or vertex function, which
in general depends on three independent momenta and frequencies, can be reduced to a
function Γ(x, τ) which only involves the center of mass dynamics of an up-down pair via
(85) Γ(x, τ) = g¯(Λ) δ(τ)δ(x)− g¯2(Λ) 〈T
(
ψˆ↓ψˆ↑
)
(x, τ)
(
ψˆ+↑ ψˆ
+
↓
)
(0, 0)〉 .
The associated pair propagator Γ(Q,Ωn) in Fourier space depends on the center of mass
momentum Q of a pair and a bosonic Matsubara frequency Ωn = 2pin/β~ with n ∈ Z.
The behavior of the one particle Green functions at short distances and times determines
the density and gap in the standard manner [73, 126]
(86) nσ = G(x = 0, τ = 0−) and ∆ = lim
Λ→∞
g¯(Λ)F(x = 0, τ = 0−) .
Similarly, the associated limit of the pair propagator is connected with the contact density
via the relation [62]
(87) Γ(x = 0, τ = 0−) = − lim
Λ→∞
g¯2(Λ) 〈ψˆ†↑(x)ψˆ†↓(x)ψˆ↓(x)ψˆ↑(x)〉 = |∆|2 −
~4
m2
C .
This follows from the definition of the contact density in Eq. (56) by noting that in the
presence of finite, anomalous averages it is only the connected part of the four Fermion
expectation value which defines C. Since the pair propagator Γ at short distances and
times is a smooth function of temperature, the relation (87) implies that the contact
density exhbits an additive, singular contribution δC = m2|∆|2/~4 at the superfluid
transition, as mentioned in section 2.2 above.
An explicit calculation of the Green functions is conveniently formulated in terms of
the Luttinger-Ward formalism [127, 128]. It provides a systematic method to calculate
the single-particle Green functions G of quantum many-body systems from an exact,
self-consistent Dyson equation
(88) G−1 = G−10 − Σ [G] .
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The self-energy is a functional of the interacting Green function G and may be obtained
from the functional derivative
(89) Σ[G] =
δΦ[G]
δG
of a Luttinger-Ward functional Φ[G] which appears in the formally exact representation
(90) Ω[G] = β−1
(
Tr{ln[G] + [1−G−10 G]}+ Φ[G]
)
,
of the grand canonical thermodynamic potential as a functional of the full Green function
G. Using the definition (89) of the self energy, the Dyson equation (88) is equivalent to
the condition δΩ[G]/δG = 0 that the thermodynamic potential is stationary with respect
to variations of G. While the exact functional Φ[G] is unknown, the formalism guarantees
that the self-consistent solution of the functional equation (88) based on an approximate
Luttinger-Ward functional gives rise to a conserving approximation [128].
The Luttinger-Ward formalism can be generalized to superfluid systems by including
both the normal and anomalous functions G and F . Using a Nambu-index α, they can
be combined into a matrix Green function [73]
(91) Gαα′(k, ωn) =
( G(k, ωn) F(k, ωn)
F(k, ωn)∗ −G(k, ωn)∗
)
with momentum variable k and fermionic Matsubara frequencies ωn = 2pi(n+ 1/2)/β~.
Similarly, there is a matrix vertex function Γαα′(Q,Ωn) whose diagonal element is just
the pair propagator introduced in Eq. (85). In general, Γ carries four Nambu indices
α. It can be reduced to a two-by-two matrix Γαα′ if the interactions are restricted to
particle-particle scattering [129]. This is the standard ladder approximation which is
known to provide the leading contribution to the pairing instability for Fermions at low
density [73]. Within this approximation, one obtains a closed set of equations for the
matrix of single particle Green functions which reads [72, 98]
(92) Σαα′(k, ωn) =
(
0 ∆
∆∗ 0
)
+
∫
Q
1
β
∑
Ωn
Gα′α(Q− k,Ωn−, ωn) Γαα′(Q,Ωn) ,
(93) Γ−1αα′(Q,Ωn) =
δαα′
g
+
∫
k
[ 1
β
∑
ωn
Gαα′(Q− k,Ωn − ωn)Gαα′(k, ωn)− m~2k2 δαα′
]
.
The gap parameter ∆, which appears in an anomalous contribution to the self-energy,
has to be determined self consistently from the gap equation
(94) ∆ = lim
Λ→∞
g¯(Λ)F(x = 0, τ = 0−) = g
∫
k
[
F(k, τ = 0−) + ∆ m
~2k2
]
.
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Note the specific structure of the GG term in (93) with respect to the Nambu indices
α, α′, which implies that the particle-particle ladder is summed up. In the weak coupling
limit, this approximation reproduces the standard BCS results. Since no particle-hole
fluctuations are included, however, the resulting critical temperature is larger by a factor
(4e)1/3 ' 2.22 compared to the exact result (74). Fortunately, at unitarity, particle-hole
fluctuations are suppressed because the chemical potential µ = ξsεF is substantially re-
duced. In fact, as noted above, the critical temperature Tc/TF = 0.16 which follows
from the Luttinger-Ward approach is in very good agreement both with experiment
and precise numerical calculations. In the BEC limit, where the Fermions form a Bose
gas of strongly bound pairs, the ladder approximation correctly accounts for the forma-
tion of pairs. Their residual interaction, however, is described only in an approximate
manner. Indeed, in the BEC limit the ladder approximation for the functional Φ[G]
gives rise to a theory for a dilute, repulsive Bose gas with a scattering length aB = 2 a
which differs substantially from the result add = 0.6 a obtained from an exact solution
of the four-particle problem. Despite these shortcomings in the BCS or BEC limit, the
Luttinger-Ward approach outlined above provides an internally consistent and quantita-
tively reliable description of the thermodynamics in the most interesting unitary regime,
both in the normal and in the superfluid phase. Compared to a variety of other analytical
approaches that have been used in this context, it
• is a conserving approximation, i.e. thermodynamic relations are obeyed [98]
• respects all symmetries, in particular the relation p = 2/3 at infinite scattering
length due to scale invariance is fulfilled at the percent level [98]
• obeys the exact Tan relations, which follow from δ (βΩ) = −Tr (GδG−10 ) [92].
There are, however, two major problems which have not been resolved so far: the first
one is related to the issue of the gapless Bogoliubov-Anderson mode which always exists
in a neutral superfluid. Formally, this is guaranteed by a Ward identity which can
be derived from the Luttinger-Ward formalism for any gauge invariant functional Φ[G].
This functional defines an exact inverse vertex function Γ−1ex (Q,Ωn) which has a vanishing
eigenvalue associated with the existence of a Bogoliubov-Anderson mode [130]. In the
non-superfluid phase, the divergence of Γex at Q = Ωn = 0 is equivalent to the well
known Thouless criterion which signals the onset of superfluidity [126]. Unfortunately,
in the presence of a finite anomalous average ∆, the vertex function in Eq. (93) does
not obey the Ward identity. The requirement of a gapless Bogoliubov-Anderson mode
must therefore be imposed as an additional constraint by choosing a modified coupling
constant in the renormalized gap equation Eq. (94). As shown in Ref. [98], this modified
approach can be formulated in a manner which is still compatible with the Luttinger-
Ward formalism, thus retaining the conserving and gapless nature (19)
(19) For a recent discussion of Ward identities in Φ-derivable theories for superfluid pairing and
a comparison to different forms of non-conserving T-matrix approximations, see Ref. [131].
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A second problem is related to the precise nature of the normal to superfluid transi-
tion. For a homogeneous gas in the thermodynamic limit, it is a continuous transition
of the 3D XY type along the full BCS to BEC crossover. By contrast, the selfconsistent
solution of the equations (92), (93) and (94) above gives rise to a weak first-order
transition. This is evident in Fig. 8, where the the theoretical results for the pressure
are not single valued near the transition at (βµ)c ' 2.5. Within the Luttinger-Ward
theory, the superfluid phase of the unitary gas in fact disappears at a critical tempera-
ture θc = Tc/TF = 0.1604 which is above the lowest temperature θc = 0.1506 down to
which the normal-fluid phase is stable [98]. Fortunately, the range where the thermody-
namic functions are multivalued is confined to a narrow regime of temperatures of the
order of the present experimental uncertainty in determining Tc. The first order nature
of the transition is clearly an artefact of self-consistent Green function methods. It is
an unsolved challenge to develop conserving approximations that properly account for
both the gapless nature of excitations in the symmetry broken phase and the continu-
ous nature of the superfluid transition, a problem that appears already in the theory of
weakly interacting Bose gases [132]. In principle, the bold diagrammatic Monte Carlo
method [112, 133], which may be viewed as a Luttinger-Ward theory including diagrams
with an arbitrary number of vertices, might solve both problems. At present, however, it
has not been extended into the superfluid regime, so the question is open. The problem
with the first order nature of the transition does not arise in a number of alternative ap-
proaches to the BCS-BEC crossover problem, in particular in 1/N -expansions [125, 85]
or the functional renormalization group [134]. On a quantitative level, however, these
approaches give results e.g. for Tc/TF or the Bertsch parameter ξs which are rather far
from the experimentally observed values.
3
.
4. Scale invariance. – A non-relativistic many-body problem is scale invariant if
under a rescaling x → λx of lengths, its Hamiltonian Hˆ → Hˆ/λ2 is reproduced up to
a scale factor 1/λ2, as happens trivially for free particles (20). Apart from the obvious
non-interacting case, the only realization of a scale invariant many-body Hamiltonian
seems to require interactions proportional to 1/|x|2 at arbitrary separation or a delta-
function interaction g¯2 δ
(2)(x) in two dimensions. The latter case actually turns out not
to be scale invariant, as will be discussed in section 3.5 below.
In the following, we will show that the unitary Fermi gas in 3D provides an exact real-
ization of a scale invariant, non-relativistic many-body system. An elementary argument
for why a system is scale invariant in the case of resonant two-body interactions can be
given following a discussion by Holstein [136] of examples where analogs of an anomaly in
QFT - i.e. a symmetry of the classical Lagrangian does not survive quantization - appear
(20) The possibility of a more general form of scale invariance Hˆ → Hˆ/λz with z 6= 2 is appar-
ently not possible for Hamiltonians with a non-relativistic kinetic energy. It appears, however,
for electrons in graphene in the limit of strong Coulomb repulsion e2/(0~vF )→∞ [135].
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in single particle quantum mechanics. The argument relies on the observation that scale
invariance requires interparticle interactions which are not associated with any intrinsic
length scale. Correspondingly, the phase shifts δl(k) of two-body scattering need to be
independent of k as in the trivial case of free particles, where they vanish identically. For
interacting particles, k - independent phase shifts arise if the scattering is resonant with
δl(k) = pi/2 for one or possibly multiple values of l and zero otherwise. This is precisely
the situation reached for low energy scattering of ultracold atoms in the zero range limit
re → 0. Indeed, the expansion k cot δ0(k) → −1/a + rek2/2 + . . . shows that at infinite
scattering length 1/a = 0 the single non-vanishing phase shift δ0(k) = pi/2− rek/2 + . . .
becomes independent of k provided the effective range correction is negligible.
For a formal derivation of scale invariance in the unitary Fermi gas consider the
microscopic action S =
∫
τ
∫
x
L with a Lagrange density L. Scale invariance is clearly
present in the absence of interactions since the action
(95) S0 =
∫
τ
∫
x
∑
σ
[
ψ?σ∂τψσ +
~2
2m
|∇ψσ|2
]
is invariant under x → xe−l, τ → τe−zl with a dynamical exponent z = 2 provided the
fields are rescaled in their canonical form ψ → ψ edl/2. Adding a zero range interaction
(96) Lint = g¯(Λ) ψ¯↑ψ¯↓ψ↓ψ↑(x, τ) ,
the coupling constant scales like g¯ → g¯e(2−d)l. For a fixed value of g¯, zero range inter-
actions in d > 2 thus flow to the non-interacting fixed point shown in Fig. 6 for d = 3,
which is trivially scale invariant. Now, in d ≥ 2 a finite value of the low energy scatter-
ing amplitude requires to consider a cutoff dependent coupling constant g¯(Λ) which - in
the 3D case - is determined by Eq. (53). At finite values of the scattering length, this
depends non-trivially on the cutoff. At unitarity, however, g¯(Λ) = −2pi2~2/mΛ is simply
proportional to 1/Λ. Thus, Lint → Linte5l scales precisely like the terms L0 which ap-
pear in the Lagrange density of the non-interacting system described by Eq. (95). At this
special value of the scattering length, the action is scale invariant even in the presence
of interactions. This is just the observation made in section 3.1 that a system at infinite
scattering length is at a fixed point. As far as equilibrium properties are concerned,
the associated universal scaling functions are contained in the dimensionless form (72)
of the pressure equation of state. More generally, scaling arguments also constrain time
dependent correlations near this fixed point like the time dependent one particle density
matrix. At infinite scattering length, this can be written in the form
(97)
〈
ψˆ+σ (x, t)ψˆσ(0, 0)
〉→ λ−3T Φ (βµ, |x|/λT , t/β~) ,
where Φ(x, y, z) is again a universal function. In particular, in the quantum critical
regime β|µ| → 0, the equal time correlation function only depends on x/λT . Scale in-
variance at the fixed point µ = 1/a = 0 thus implies that the correlation length ξT in
50 Wilhelm Zwerger
the quantum critical regime is equal to the thermal length λT . Using the relation (83)
which connects λT with the average interparticle spacing in this regime gives the result
ξT ' 1.43n−1/3 for the divergence of the correlation length stated in section 3.1.
An important consequence of scale invariance, which has been used in the discussion
of the thermodynamics at unitarity in section 3.2, is the fact that pressure p and energy
density  are related by p = 2 /3, just as for an ideal quantum gas. Moreover, the
bulk viscosity ζ(T ) ≡ 0 vanishes at arbitrary temperatures (21) [88]. To prove these
statements, consider the operator Dˆ which generates dilatations. Since Hˆ → Hˆ/λ2 under
a length rescaling, the standard argument which shows that generators of symmetries
commute with the Hamiltonian yields in the case of scale invariance the relation
(98)
i
~
[
Hˆ, Dˆ
]
= 2 Hˆ =
d
dt
Dˆ .
Noting that Dˆ =
∫
xijˆi is equal the spatial integral of the scalar product of x with
the momentum density operator jˆ (repeated indices are summed over), the momentum
balance equation ∂tjˆi = −∂jΠˆij and a partial integration lead to
(99)
d
dt
Dˆ = 2
∫
ˆ =
∫
xi∂tjˆi = −
∫
xi ∂jΠˆij =
∫
Πˆii
where Πˆij is the stress tensor. Scale invariance thus implies that 2 ˆ = Πˆii holds as an
operator identity. This is analogous to the vanishing of the trace Tr Tˆ = ˆ − Πˆii = 0 of
the stress-energy tensor for scale invariant relativistic systems [138]. The fact that the
energy density in (99) appears with a factor 2 is a consequence of the rescaling of Hˆ with
1/λ2 instead of 1/λ in the relativistic case. In a thermal equilibrium state 〈Πˆij〉 = p δij is
just the pressure. Scale invariance thus implies p = 2 /3 as claimed. More generally, in
a non-equilibrium situation with small but non-vanishing gradients in the velocity field
v(x), the stress tensor has the standard hydrodynamic form
(100) 〈Πˆij〉 = pδij + ρvivj − η
(
∂ivj + ∂jvi − 2
3
δij · divv
)
− ζ δij · divv
where η and ζ are the shear and bulk viscosities, respectively. The latter appears in a
uniform expansion, where the finite value of divv gives rise to an entropy production
rate s˙ = ζ/T · (divv)2. Now, in a scale invariant system, an increase in entropy can only
occur in flows with finite shear. The bulk viscosity ζ therefore has to vanish identically.
This can be derived following an argument due to Castin and Werner [82]. It relies on
the observation that for a unitary gas in a time dependent, isotropic harmonic trap,
(21) In the superfluid regime there are actually three different bulk viscosities ζ1,2,3 [137]. The
combination of scale and conformal invariance requires two of them to vanish. In particular,
ζ2 ≡ 0, which is the one which takes the role of the standard bulk viscosity in the normal fluid.
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the many body wave function at time t is obtained from its initial value at t = 0 by
the simple scaling transformation defined in Eq. (104) below, which is identical with
the result obtained for non-interacting particles. Both an ideal and the unitary gas
therefore expand isentropically if the trap potential is removed completely at t = 0,
which is possible only if ζ ≡ 0. In a rather direct form, the result follows from the
Kubo formula Eq. (141) below. Indeed, the operator
∫
x
Πˆii(x, t) = 2 Hˆ which enters the
commutator determining the frequency dependent bulk viscosity ζ(ω) is basically the
conserved Hamiltonian and thus commutes with its value at t = 0. As a result, ζ(ω)
vanishes at arbitrary frequencies, not only at ω = 0. This is consistent with an exact
sum rule due to Taylor and Randeria
(101)
2
pi
∫ ∞
0
dωRe ζ(ω) =
~2
36pima2
∂C
∂(1/a)
which connects the bulk viscosity of the two-component Fermi gas at an arbitrary value
of the scattering length with the derivative of the contact density with respect to 1/a [52].
Since the latter is finite at infinite scattering length, the right hand side vanishes at uni-
tarity. Due to Re ζ(ω) ≥ 0, this is possible only if ζ(ω) ≡ 0.
A subtle point in the arguments above is related to the fact that scale invariance of the
unitary gas, i.e. S0 + Sint is unchanged under the transformation x→ xe−l, τ → τe−2l,
is violated in the presence of a finite chemical potential µ 6= 0. It is only the point
µ = 1/a = 0 in Fig. 7 which is a fixed point. Indeed, a non-vanishing chemical potential
or a finite difference h 6= 0 which favors one of the two spin species gives rise to additional
contributions
(102) Lµ = −µ
∑
σ
ψ¯σψσ(x, τ) or Lh = −h
∑
σ
σ ψ¯σψσ(x, τ)
to the Lagrange density. Under a rescaling of x and τ , both the chemical potential and a
possible difference between the two species change according to µ→ µe2l and h→ he2l.
They are therefore relevant perturbations at the zero density fixed point of the unitary
gas with dim [µ, h] = 2, as anticipated in section 3.1. Since a finite value of µ violates
scale invariance, it is not evident why the relation p = 2 /3 or the vanishing of the bulk
viscosity holds for the unitary gas at finite density. This is a consequence of the fact that
the basic symmetry in Eq. (98) implies that 2 ˆ = Πˆii holds as an operator identity. It
is therefore legitimate to take expectation values of this in states with a finite density
of particles. An additional subtlety with the argument above for scale invariance is that
it relies on just the classical Lagrangian. On a superficial level, it should thus also hold
for Bosons at unitarity. Now, as discussed in section 1.4, this is an unstable system with
an infinite number of three-body - and probably also N-body for arbitrary N - bound
states through the Efimov effect. Despite the invariance of the action, scale invariance for
Bosons at unitarity is therefore broken because a discrete set of levels is incompatible with
the result that for any state with energy E there is another one with energy E/λ2. The
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breaking of scale invariance for a gas of Bosons is an example of an anomaly: quantum
fluctuations may break a symmetry of the classical Lagrangian [138]. Specifically, in the
context of the Efimov effect, the continuous scale invariance of the classical action is
replaced by a discrete scaling symmetry x → λn0 x, τ → λ2n0 τ with n = 1, 2, 3 . . . [28].
Here, λ0 = exp (pi/s0) is a number which depends on both the statistics of the particles
involved and their mass ratio. For identical Bosons it is λ0 ≈ 22.69 . . . as mentioned in
section 1.4. Now, for a Fermi gas with equal masses of the two-components, there is no
Efimov effect. Scale invariance of the full action S thus indeed entails the consequences
derived above. In a mass imbalanced case, however, the Efimov effect appears even for
Fermi gases provided the mass ratio M/m exceeds a critical value ' 13.6 [139]. On a
qualitative level this can be understood by considering two heavy atoms and a light one
within the Born-Oppenheimer approximation [33]. At infinite scattering length, the light
atom with mass m experiences an attractive potential −0.16 ~2/mR2 which depends like
an inverse square on the distance R between the heavy atoms. Such a potential is known
to be unstable towards a ’fall to the center’ [71]. For Bosons, where this can occur in a
l = 0 configuration, this happens in fact for arbitrary values of the mass ratio, even for
M/m → 0. For Fermions, which can get close only in a relative p-wave state, there is
a critical value of the mass ratio. In the limit M/m 1, where the Born-Oppenheimer
approximation becomes exact, this is obtained from the condition that the parameter [33]
(103) s0 =
√
0.16
M
m
− (l + 1/2)2 for M  m
is real for l = 1. The associated critical value is 14.06, not far from the exact result.
A quite different approach to determine the critical mass ratio for the appearance of an
Efimov effect for Fermi gases relies on calculating the anomalous dimension ∆O = 9/2+γ
from Eq. (23) of the unequal mass generalization of the operator in Eq. (24). As dis-
cussed by Nishida and Son [16], this is a decreasing function of the mass ratio M/m and
it becomes complex of the form ∆O = 5/2 + is0 for M/m > 13.607 . . ..
A consequence of scale invariance which is closely related to the vanishing bulk viscos-
ity of the uniform case appears in the dynamics of the gas in an isotropic harmonic trap.
Scale invariance implies the existence of an infinite number of exact excited states at mul-
tiples of twice the trap frequency. Physically, the excitations correspond to a breathing
mode which may, for instance, be excited by changing the trap frequency ω(t) = ω+δω(t)
by a small amount δω(t) ∼  during a finite time interval. In the context of the unitary
Fermi gas, this was first pointed out by Werner and Castin [87], extending earlier work
by Pitaevskii and Rosch for Bose gases in two dimensions [140]. As mentioned above,
in a scale invariant system, the many-body wave function ψ(X, t) for an arbitrary time
dependence of ω(t) is related to its initial value by a simple scale transformation [87]
(104) ψ(X, t) =
eiθ(t)
λ3N/2(t)
exp
[
imλ˙(t)
2~λ(t)
X2
]
ψ(X/λ(t), 0) .
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Here, X is a shorthand notation for all N particle coordinates and the scaling factor
obeys the simple differential equation
(105) λ¨(t) =
ω2
λ3(t)
− ω2(t)λ(t) with ω = ω(t = 0)
and initial conditions λ(0) = 1 and λ˙(0) = 0 (22). For the case of a small change of the
trap frequency in a finite interval of time, linearization of this equation around λ = 1
gives rise to a time dependence λ(t) = 1+ cos (2ωt)+O(2). The gas therefore oscillates
at twice the trap frequency without any damping. As realized by Pitaevskii and Rosch,
the existence of such oscillations and the simple scaling solution (104) for the many-body
wavefunction is due to a hidden SO(2,1) symmetry which appears generically for scale
invariant systems in the presence of an isotropic trap. For a derivation of this symmetry,
one notes that the associated Hamiltonian can be written in the form
(106) Hˆω = Hˆ + ω
2 Cˆ with Cˆ =
m
2
∫
x
x2 nˆ(x) .
The operator Cˆ turns out to be the generator of the special conformal transformation x→
x/(1+λt), t→ t/(1+λt) [114, 86], analogous to Dˆ which generates scale transformations.
Using the continuity equation, its commutator with the Hamiltonian of the translation
invariant system is i[Hˆ, Cˆ] = ~ Dˆ, while i[Dˆ, Cˆ] = 2~ Cˆ. Using these commutators, it is
straightforward to show that the operators defined by
(107) Lˆ± =
Hˆ
2ω
− ω
2
Cˆ ± i
2
Dˆ = Lˆ1 ± iLˆ2 and Lˆ3 = Hˆω/2ω
generate Lorentz boosts in two directions and rotations in a plane. Indeed, they obey
(108) [Lˆ1, Lˆ2] = −i~ Lˆ3 , [Lˆ2, Lˆ3] = i~ Lˆ1 , [Lˆ3, Lˆ1] = i~ Lˆ2 ,
which is the algebra of the Lorentz group in 2+1 dimensions. Moreover, the commutator
[Hˆω, Lˆ±] = ± 2~ω Lˆ± shows that a tower of excited states with energy 2n~ω can be
obtained from an arbitrary eigenstate |Ψ〉 of the trapped gas by repeating
(109) Hˆω(Lˆ+ |Ψ〉) = (Lˆ+Hˆω + 2~ωLˆ+) |Ψ〉 = (EΨ + 2~ω) (Lˆ+ |Ψ〉)
n times. It may also be shown that the exact ground state is annihilated by Lˆ−. Similar
to the case of a single particle in a harmonic oscillator potential, the operators Lˆ± thus
act as raising and lowering operators, now for excitations at twice the trap frequency.
(22) The phase factor θ(t) in (104) is irrelevant for observables which only involve the density.
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3
.
5. Broken scale invariance and conformal anomaly in 2D . – In principle, the obser-
vation of undamped breathing modes at multiples of twice the trap frequency seems to
be straightforward. In practice, this is not so because a perfectly isotropic trap in 3D
is very difficult to realize. In two dimensions, however, an isotropic trap potential can
readily be created. Moreover, a zero range interaction in 2D of the form V (x) = g¯2 δ(x)
seems like a perfect realization of scale invariance without the necessity for any fine tun-
ing of the interaction strength g¯2. In particular, this invariance is expected also for Bose
gases because there is no Efimov effect in s-wave states in two dimensions. Following the
idea of Pitaevskii and Rosch, therefore, a number of experiments have been performed to
verify the existence of a breathing mode at twice the trap frequency for 2D Bose gases. In
practice, this can be tested by observing the time dependent mean-square radius 〈r2〉(t)
of the gas after preparing it in an arbitrary out-of-equilibrium state. As mentioned above,
the resulting periodicity of the time dependent scale factor λ(t) - which actually holds
even for a strong initial perturbation - implies that 〈r2〉(t) oscillates at the frequency
2ω without any damping, irrespective of the strength of the interaction. This long lived
breathing mode has been observed both in a quasi cylindrical geometry [141] and in a
fast rotating gas [142].
A careful analysis of scale invariance in two dimensions shows, however, that it is
strictly valid only in the trivial limit of vanishing interactions. To see this, it is convenient
to consider the dependence of the scattering phase shift δ0(k) on momentum. In a 2D
situation, where both the chemical potential and the thermal energy are much less than
the energy ~ωz for excitations in the transverse direction, the scattering of an incoming
plane wave exp (ik · x) gives rise to an outgoing cylindrical wave which asymptotically
can be written in the form [143]
(110) ψk(x)→ eik·x −
√
i
8pi
f(k, θ)
eikr√
kr
.
At low energy, the associated dimensionless scattering amplitude f(k, θ) becomes inde-
pendent of the scattering angle θ and exhibits a logarithmic dependence (23)
(111) f(k) =
4
− cot δ0(k) + i →
4pi
2 ln(1/ka2) + ipi
on momentum, which defines the 2D scattering length a2 [144, 4]. The argument in
section 3.4 above that scale invariance requires phase shifts which do not depend on
k thus immediately shows that for any non-vanishing low energy scattering amplitude
in 2D, there is no scale invariance. On a formal level, the violation of scale invariance
arises from the fact that a delta function in 2D does not give rise to a finite low energy
(23) Note that while f(k) vanishes logarithmically as k → 0, the total scattering cross section
λ = − Im f(k, θ = 0)/k → |f(k)|2/4k diverges in the low energy limit.
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scattering amplitude, unless it is made cutoff dependent. Indeed, the solution of the
associated Lippmann-Schwinger equation in the low energy limit takes the form
(112)
2pi~2
mg¯2(Λ)
= ln
(
1
ka2
)
− ln
(
Λ
k
)
→ g¯2(Λ) = − 2pi~
2
m ln (Λa2)
which is just the 2D analog of Eq. (52). A finite value of the 2D scattering length a2
thus requires a coupling constant g¯2(Λ) ∼ −1/ ln(Λa2) which vanishes inversely with the
logarithm of the cutoff.
In practice, the violation of scale invariance in 2D is difficult to observe because in
the standard situation where the 3D scattering length a is much less than the length `z
associated with the transverse confinement, the 2D scattering length (24)
(113) a2(a) = `z
√
pi
B
exp
(
−
√
pi
2
`z
a
)
with B = 0.905 . . .
is exponentially small [144, 4]. For realistic parameters, with `z ' 0.1µm and a ' a¯
a few nanometers, the scattering amplitude (111) can thus be replaced by a constant
f(k) ≈ g˜2 =
√
8pi a/`z, which is equivalent to assuming a k-independent phase shift.
As a result, there is an undamped breathing mode at 2ω and also a scale invariant
equation of state of the form nλ2T = fn(βµ, g˜2). The function fn(x, g˜2) depends only
parametrically on the dimensionless interaction strength g˜2. Experimentally, this has
been tested for a gas of Cesium atoms, where a Feshbach resonance can be used to
increase g˜2 up to 0.26 [145] and also - in a precision measurement based on the method
discussed in section 3.2 - for Rubidium [146] where g˜2 ' 0.1. For an understanding of
what are the necessary conditions to see deviations from this apparent scale invariance,
it is convenient to consider the dimensionless coupling constant u(κ) = mg¯2(κ)/(pi~2)
introduced in analogy to Eq. (70) in the 3D case. Integration of the associated flow
equation du/dl = −u2/2 in two dimensions between a UV cutoff Λ down to a momentum
scale κ gives rise to a logarithmic dependence
(114) u(κ) =
u(Λ)
1 + u(Λ)2 ln (Λ/κ)
→ 2
ln (1/(κa2))
of the coupling constant. It becomes independent of the scale Λ if the strength g¯2(Λ)
of the delta function potential is choosen to depend logarithmically on Λ as given in
Eq. (112). Now, as discussed by Rancon and Dupuis [147], the density equation of state
in two dimensions is, quite generally, of the form nλ2T = fn(βµ, g˜(T )). The associated
universal function fn(x, y) depends on temperature not only via x = βµ but also via
(24) Note that a2 is always positive which implies that there is a two-body bound state at
arbitrary values of the 3D scattering length associated with the pole of f(k) at k = i/a2.
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y = g˜(T ) = pi u(κ = 1/λT ). The relevant momentum scale κ is thus just the inverse
thermal length. In practice, deviations from scale invariance appear if the temperature
dependence of g˜(T ) is appreciable. Using the result (113) for the 2D scattering length,
Eq. (114) shows that g˜(T ) ' g˜2 is a constant unless the temperature is so small that
ln(λT /`z) becomes of order `z/a. In weak coupling, where `z/a 1, this would require
exponentially small temperatures which are far beyond reach.
Values of the 3D scattering length which are much larger than the confinement length
`z can be reached easily with two component Fermi gases, using standard Feshbach
resonances in 40K [148] or in 6Li [149]. The breaking of scale invariance in this context
has been discussed by Hofmann [150]. It turns out that the basic operator relation (98)
which expresses scale invariance in quite general terms is replaced in 2D by
(115)
d
dt
Dˆ =
i
~
[
Hˆ, Dˆ
]
= 2 Hˆ +
~2
2pim
Iˆ .
The appearance of the additional operator Iˆ, which explicitely breaks scale invariance,
is an example of an anomaly, similar to what has been discussed in the context of the
Efimov effect above. The expectation value of the operator Iˆ is in fact the integrated
contact. This can be seen by relating the time derivative of Dˆ to the integral
∫
Πˆii of the
trace of the stress tensor as in section 3.4. Introducing the contact density via 〈Iˆ〉 = ∫ C,
Eq. (115) implies
(116) p = +
~2
4pim
C ,
which is just the 2D version of the Tan pressure relation (36). Scale invariance in 2D
requires C to vanish, which is true only for non-interacting particles.
Quite surprisingly, to probe the violation of scale invariance in 2D Fermi gases turns
out to be rather diffcult, even in the regime where a  `z. In fact, experiments show
that the breathing mode frequency ωB stays close to the scale invariant value 2ω over
a rather wide range of the dimensionless coupling ln (kFa2) [151]. This observation has
been explained in detail by Taylor and Randeria [152]. Using sum rules, they have shown
that ωB ' 2ω provided the deviation
(117) ρ
(
∂p
∂ρ
)
s
− 2 p = ~
2
4pim
[
C + a2
2
(
∂C
∂a2
)
s
]
of the adiabatic compressibility from its value 2p in a scale-invariant system is small. This
is indeed the case because the two contributions on the right hand side of Eq. (117) largely
cancel. In the following section, it will be shown that the violation of scale invariance
in 2D can be observed in a more direct form by RF spectroscopy in the presence of
non-vanishing final state interactions.
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Fig. 10. – Hyperfine level scheme of 6Li and a schematic sketch of the RF-transition from one
of the two lowest hyperfine states |2〉 into an empty state |3〉.
4. – RF-SPECTROSCOPY AND TRANSPORT
The final chapter is devoted to dynamical properties of the unitary Fermi gas. In
particular, we will discuss the fermionic excitations accessible in RF-spectroscopy. They
are described by a set of spectral functions A(k, ε) which only depend on the dimen-
sionless ratios k/kF , ε/εF and T/TF . Surprisingly, far below Tc, the excitations have a
structure similar to that of a BCS superfluid. The unitary gas is therefore still basically
a Fermionic system. Universal features also appear in transport properties of the uni-
tary gas, especially in its quantum critical regime, where the viscosity or spin diffusion
constant are determined by fundamental constants.
4
.
1. RF-spectroscopy . – As first suggested by To¨rma¨ and Zoller [153], interactions in
ultracold Fermi gases can be probed by RF-spectroscopy. It relies on transferring atoms
from one of the internal hyperfine states, usually labelled as spin-down or |2〉 into an
empty state |3〉 by a radiofrequency pulse, which is tuned near the energy difference ~ω23
between these states in a free atom. In a situation where the atom in the initial state
|2〉 interacts with other atoms in state |1〉, for example by forming a molecular bound
state, the RF photon has to supply - beyond the energy offset ~ω23 between states |1〉
and |2〉 in the free atom - at least the binding energy of the molecule to break the bond
and transfer the atom from state |2〉 to state |3〉, see Fig. 10. Initial RF-experiments in
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the superfluid regime of Fermi gases near a Feshbach resonance were done by C. Chin, R.
Grimm and coworkers in Innsbruck [154]. They have traced the evolution of the molec-
ular dissociation spectrum which appears in the BEC limit 0 < kFa  1, where the
binding energy between the hyperfine levels |1〉 and |2〉 is larger than the Fermi energy,
all the way across the Feshbach resonance. Although there is no two-body bound state
for a < 0, the spectra were still shifted and broad, providing evidence for pair formation
at weak attractive interactions due to the presence of a Fermi sea. A quantitative inter-
pretation of these spectra turned out to be quite difficult, however, since the final state
|3〉 employed in these experiments was still strongly interacting with atoms in state |1〉.
Indeed, as will be discussed below, the average ’clock’ shift of the resonance away from its
value in free space is a measure of the contact, not of superfluid pairing. The influence of
final state interactions can be minimized by a proper choice of the initial and final states
of the RF transfer, for instance working with a |1〉 − |3〉 mixture and transfer to state
|2〉, as shown by W. Ketterle and coworkers at MIT [155]. Moreover, it is possible to
measure the loss of atoms outcoupled through the RF pulse locally [156]. This avoids the
difficulties associated with analyzing trap averaged spectra, in which the response from a
superfluid center and the normal-fluid edge appear simultaneously. In this manner, local
spectra essentially free from final state effects can be obtained. A further major step
has been taken by D. Jin and coworkers at JILA, who have succeeded to perform RF
spectroscopy in a momentum resolved manner by measuring the momentum distribution
of the outcoupled atoms from state selective time-of-flight images [157]. As will be shown
in Eq. (123) below, this gives direct access to the spectral function A−(k, ε) for the re-
moval of a particle as a function of both momentum and energy. The method may be
viewed as a cold atom analog of angle-resolved photoemission spectroscopy, which allows
to determine the elementary excitations of strongly correlated electronic systems [158].
Unfortunately, so far momentum resolved RF spectroscopy has not been combined with
local resolution. Moreover, the short RF pulse limits the energy resolution to about
20% of the Fermi energy [159]. At the present stage, therefore, a comparison of the
trap averaged spectra with theory is not at the level of precision necessary to distinguish
different predictions for the detailed spectral functions, in particular to clarify the issue
of a possible pseudogap of the unitary gas.
A theoretical description of momentum resolved RF-spectroscopy is based on the con-
cept of spectral functions, which essentially measure the distribution of energies associ-
ated with a given momentum k. Their microscopic definition and physical interpretation
is most easily understood at zero temperature. Denoting the exact many-body ground
state with |ψ0〉 and suppressing the spin index σ, the functions A±(k, ε) are just the
Fourier transform of the matrix elements
(118) A+(k, t) = 〈cˆ+kψ0|e−iHˆt/~ cˆ+kψ0〉 and A−(k, t) = 〈cˆkψ0|e−iHˆt/~ cˆkψ0〉∗
which determine the overlap between the many-body states cˆ+k |ψ0〉 or cˆk |ψ0〉 associated
with the addition or removal of a bare particle with momentum k and the corresponding
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state after time evolution. In Fourier space, the functions are positive. Their sum
(119) A(k, ε) = A+(k, ε) +A−(k, ε)
is normalized according to
∫
ε
A(k, ε) = 1, which is a simple consequence of the anti-
commutation relation {cˆk, cˆ+k } = 1. In thermal equilibrium, the partial spectral functions
are related by the detailed balance condition
(120) A−(k, ε) = e−β(ε−µ)A+(k, ε) or A−(k, ε) = f(ε)A(k, ε)
with f(ε) the Fermi function. At zero temperature, therefore, the hole part A−(k, ε) of
the spectral function vanishes for ε > µ : it is not possible to remove a particle from
the ground state at energies above the chemical potential. Vice versa, the particle part
A+(k, ε) vanishes for ε < µ. Using the definition in Eq. (118), the total spectral weight
in the hole part
(121)
∫
dεA−(k, ε) = A−(k, t = 0) = n(k)
is equal to the momentum distribution. For non-interacting Fermions with a free particle
dispersion εk, there is a sharp energy for a given momentum k. The full spectral function
A(0)(k, ε) = δ(ε − εk) thus exhibits a single peak. In the interacting case, one finds in
general a continuous distribution of energies associated with a given momentum.
For a description of the RF spectrum, we assume that the final state, which is denoted
by an index f , has a negligible interaction with the initial one. It can thus be described
by the free particle spectral function
(122) Af (k, ε) = δ(ε− [Ef + εk]) ,
where Ef = ~ω23 is the bare excitation energy of the final state. The rate of transitions
out of the initial state induced by the RF field with frequency ω into free atoms with
wave vector k, which is measured in momentum resolved RF [157] is given by [62]
(123) I(k, ω) = ~
∫
dεAf (k+ q, ε+ ~ω)A−(k, ε) = ~A−(k, εk − ~ω) .
Here, an unknown prefactor that depends on the interaction parameters for the coupling
to the RF field has been set equal to ~, which fixes the normalization for the total weight
integrated over all frequencies (see (125) below). Note that the wave vector q of the
RF field is much smaller than those of the atoms, which allows to set q = 0 in (123).
Moreover, for convenience we have taken Ef = 0, which just redefines the position of
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zero frequency ω = 0 in the RF spectrum. Measuring the number of transferred atoms
without momentum resolution gives rise to a spectrum
(124) I(ω) = ~
∫
k
A−(k, εk − ~ω)
which is a function only of the RF frequency ω. In view of the fact that the integral of
A− over all energies is equal to the momentum distribution by Eq. (121), our choice of
normalization implies that the total weight integrated over all frequencies
(125)
∫
dω I(ω) = n2
is equal to the density n2 of atoms from which the transfer to the empty final state occurs.
The full spectral function A(k, ε) at finite temperature is determined by the single
particle temperature Green function G(k, ωn) via the spectral representation [73]
(126) G(k, ωn) =
∫
dε
A(k, ε)
i~ωn − (ε− µ) .
Specifically, the results shown in Fig. 11 are obtained from the Green function G(k, ωn)
within the Luttinger-Ward approach by inverting this representation [62]. While unique
in principle, the inversion is not a stable procedure in a mathematical sense. The con-
sistency of the results for the spectral functions have, therefore, been checked carefully
by making sure that both sides of Eq. (126) agree at the level of 10−5 over the whole
relevant range of momenta and frequencies [62]. Since the thermodynamic properties
obtained from the Luttinger-Ward approach are in very good agreement with precision
measurements for the unitary gas (see section 3.2), the associated spectral functions are
also expected to be quantitatively reliable. The numerical results for the spectral func-
tions A(k, ε) of the unitary gas are shown in Fig. 11. Deep in the superfluid regime, at
T/TF = 0.01, the excitation spectrum has a structure similar to that obtained within a
BCS description, where the spectral function [73]
(127) ABCS(k, ε) = u
2
k δ(ε− E(+)k,BCS) + v2k δ(ε− E(−)k,BCS)
consists of two infinitely sharp peaks. The associated energies
(128) E
(±)
k,BCS = µ±
√
(εk − µ)2 + ∆2
describe the standard dispersion of Bogoliubov quasiparticles. The appearance of two
separate peaks in A(k, ε) is a consequence of the fact that these quasiparticles are a
coherent superposition of particle creation and annihilation with amplitudes uk and vk
according to γˆ+k↑ = ukcˆ
+
k↑ − vkcˆ−k↓. At zero temperature, the spectral function A−(k, ε)
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Fig. 11. – Spectral functions of the unitary Fermi gas for different temperatures: at T/TF = 0.01
(left) at Tc = 0.16TF (middle) and at T = 0.3TF (right). Energy on the vertical axis is given
in units of εF , momentum |k| on the horizontal axis in units of kF . The horizontal line denotes
the position ε = µ of the chemical potential (from [62]).
associated with the removal of an atom is just the part below the line ε = µ. Within
BCS, this coincides with the second term in Eq. (127). Its prefactor v2k = nσ(k) is
non-vanishing at arbitrary values of the momentum. Particles can therefore be removed
above kF even at zero temperature. The minimum distance of E
−
k,BCS to the chemical
potential defines the excitation gap ∆. Within conventional BCS theory, this minimum is
reached at k0,BCS = kF , i.e. right at the Fermi surface because the deviation between the
chemical potential µ and the bare Fermi energy εF is of order ∆
2 and thus exponentially
small in the BCS limit [73].
For the unitary gas, a number of important differences compared to (127) show up even
near T = 0, where the structure of the spectrum appears to be similar to BCS. First of
all, the minimum value of the excitation gap is at a wave vector k0 ' 0.92 kF . It is below
but still close to the Fermi surface of the non-interacting gas. This is quite remarkable
since the T = 0 momentum distribution of the unitary gas has no sharp features at any
k. Moreover, the chemical potential µ = ξsεF is much less than εF . A BCS spectrum
of the form (128) would therefore predict a minimum at k0 =
√
ξs kF ' 0.6 kF . As a
second point, the fermionic excitations of the unitary gas exhibit a finite lifetime away
from the extrema of the dispersion, even at vanishing temperature. This is in stark
contrast to Bogoliubov excitations, which have infinite lifetime at arbitrary momenta k
due to the presence of delta functions in (127). For the unitary gas, considering e.g. the
lower (hole) branch in Fig. 11 a, there is an appreciable broadening which increases upon
moving away from the dispersion maximum. A hole deep in Fermi sea therefore has a
short lifetime. It is only near the minimum of the dispersion curve for the particles or
close to the maximum of the dispersion for holes where the lifetime broadening has to
vanish because there are no available final states for decay. The numerically calculated
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spectral functions are not precise enough to account for that but they show at least the
expected tendency of an increasing broadening away from the extrema of the dispersion
(25) As a third point, in the vicinity of the extrema, the dispersion of the fermionic
excitations can be parametrized by
(129) E
(±)
k = µ±
[
|∆|+ ~
2
2m∗
(|k| − k0)2 + . . .
]
.
As discussed in [62], the associated values of the effective mass m∗ and the value k0 turn
out to be slightly different for particle and hole excitations. The particle-hole symme-
try of the standard BCS description of the quasiparticle dispersion is therefore broken
at these large coupling strengths. In quantitative terms, the gap ∆ ' 0.46 εF of the
unitary gas is almost half the bare Fermi energy [98]. This value, which is consistent
with Monte Carlo results [161], is in very good agreement with experiments at MIT,
where the pairing gap ∆ ' 0.44 εF at unitarity was directly measured by injecting un-
paired atoms into the superfluid in a slightly imbalanced Fermi mixture [162]. Paired
and unpaired atoms respond at different frequencies, allowing to read off the pairing gap.
With increasing temperature, the two separate quasiparticle branches, which are a
signature of a coherent mixing of particle and hole excitations, merge into a single ex-
citation structure. This is seen already at Tc where there is still some suppression of
spectral weight near ε = µ and in fully developed form at T = 0.3TF . The disper-
sion of the associated fermionic excitation is close to quadratic. It is, however, shifted
downwards quite substantially compared to a free particle dispersion. This is due to
the strong attractive interaction of a Fermion with its environment at unitarity and has
been observed as a ’Hartree’ shift of the RF spectra above Tc [162]. It is similar to the
shift −0.6 εF which appears in the Fermi polaron problem where a single down spin is
added to a sea of up-spin Fermions [163]. Apart from the dominant peak, the spectral
functions at and above Tc show some additional structure at positive energies. Specif-
ically, a rather broad structure is visible for k . kF and energies in the range between
εF and 2 εF in Fig. 11, which contains ' 17% of the spectral weight at T = 0.3TF . The
physical origin of this structure is quite likely due to the repulsive branch of the Feshbach
resonance which has been studied in the context of a possible ferromagnetic state of the
unitary Fermi gas [164]. Unfortunately, the lifetime of the repulsive branch is very short,
consistent with the rather broad feature seen in Fig. 11. Finally, we briefly adress the
issue of a possible pseudogap phase of the unitary gas due to preformed pairs above Tc.
This concept is supported by a number of theories which indicate a gapped excitation
spectrum with two branches of the form in Eq. (128) even above the critical tempera-
ture, see e.g. [165, 166, 167]. Momentum resolved RF spectra involving a trap average
appear consistent with the pseudogap scenario [159]. It is not found in the Luttinger-
(25) Exact results for the spectrum of fermionic excitations, including their damping, have been
obtained by Nishida in the regime k  kF from an operator product expansion [160].
Strongly Interacting Fermi Gases 63
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0
ΩΕF
0.5
1.0
1.5
2.0
ΡHΩLΡ0H0L
TTF=0.3
TTF=0.16
TTF=0.01
−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
ω/εF
0.0
0.2
0.4
0.6
0.8
1.0
ρ
(ω
)/
ρ
0
(0
)
T/TF = 0.45
T/TF = 0.20
T/TF = 0.07
Fig. 12. – Left: Normalized density of states for the unitary Fermi gas in 3D at different
temperatures. No pseudogap is present above the critical temperature Tc = 0.16TF . Right:
Normalized density of states in the normal state of a 2D Fermi gas at ln (kF a2) = 0.8. Here, a
pronounced pseudogap appears above the critical temperature Tc ' 0.07TF (from [170]).
Ward approach, however, which is consistent with measurements of the thermodynamic
properties [93, 168] including, in particular, the absence of a strong suppression of the
spin susceptibility χs above Tc [169]. A related, quantitative criterion for a possible
pseudogap is provided by the spectral density of states
(130) ρ(ω) =
∫
k
A(k, ε = µ+ ~ω) .
It reflects the density of excitations summed over all possible wave vectors, measured
with respect to the chemical potential. A pseudogap is present if this density of states
has a strong suppression near ω = 0 even above Tc. Now, as shown in Fig. 12, within the
Luttinger-Ward approach, the unitary gas right at Tc shows some suppression of spectral
weight near ω = 0 but not a pronounced gap. Moreover, the suppression disappears
rather quickly above Tc. As a result, there is no clear separation of temperatures in
the unitary gas between the superfluid transition and a pair formation temperature T ∗.
This behavior should be contrasted with the situation in 2D, where a clear pseudogap
is found to be present at Tc and appreciably above [170] even for a coupling constant
ln (kFa2) = 0.8 on the BCS side of the crossover, where the Fermi energy is still larger
than the two-body binding energy ~2/(ma22). The presence of a pseudogap in the normal
fluid phase of attractive Fermi gases in 2D is consistent with momentum resolved RF
spectroscopy performed by M. Ko¨hl and coworkers in Cambridge [171].
A simple limit in which the momentum integrated RF spectrum can be given in
analytical form describes dissociation of single bound pairs of atoms, which applies in
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the BEC limit. The resulting spectrum
(131) IBEC(ω) =
n
pia
√
m
(~ω − εb)1/2
ω2
· θ(~ω − εb)
at zero temperature has a sharp onset at the molecular binding energy εb = ~2/ma2.
At large frequencies the RF spectrum falls off like ω−3/2. As realized by Schneider and
Randeria [50] and by Braaten et.al. [51], this is a special case of an exact result which
connects the behavior of the RF spectrum at large frequencies with the Tan contact
density C of the strongly correlated initial state. For a derivation of this connection, it
is convenient to rewrite Eq. (124) in the form
(132) I(ω) = ~
∫
dε
∫
k
A−(k, ε) δ(ε− εk + ~ω)
and to realize that large frequencies require that εk ' ~ω becomes large too, such that ε
is negligible in the argument of the delta-function. Using Eq. (121), which connects the
integral of A− with respect to ε with the momentum distribution, one obtains
(133) I(ω →∞) = ~
∫
k
nσ(k) δ(εk − ~ω)→ C
4pi2
(
~
m
)1/2
· ω−3/2
in three dimensions by simple power counting, since the delta-function fixes k =
√
2mω/~
and nσ(k) can be replaced by its asymptotic behavior C/k4 derived in section 2.5. The
power law decay of the RF spectrum predicted by Eq. (133) has been observed by Stewart
et.al. [172] over an appreciable range of kFa - values. In particular, the experiments have
verified that the contact extracted from the tail of the RF spectrum agrees with the
one obtained from the asymptotics (60) of the momentum distribution. In practice, the
power law holds for frequencies larger than the intrinsic characteristic scales ~k2F /m,
~/ma2 and kBT/~ of the strongly interacting many-body system. It extends up to
frequencies of order ~/mr2e ' Evdw/~ beyond which it is cutoff by finite range effects.
Remarkably, the scale at which finite range effects become appreciable depends on the
strength of final state interactions, which have been neglected so far. This becomes
evident from an explicit calculation of the RF spectrum in the molecular limit by Chin
and Julienne [173]. They have shown that in the presence of a nonzero scattering length
af 6= 0 between the hyperfine state that is not affected by the RF pulse and the final
state of the RF transition, the spectrum decays like ω−5/2 at large frequencies. The short
range part of the interaction, which is responsible for the slow decay of the spectrum, is
thus cancelled by the interaction between the final state and the state that remains after
the RF transition [174, 175]. A quite general result for the RF spectrum in the presence
of final state interactions has been derived by Braaten, Kang and Platter [51]. Using a
short time and short distance expansion of an operator product which involves the RF
transition operator ψˆ+3 ψˆ2 at points separated by small times and distances t, |x| → 0,
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they have shown that the asymptotic behavior of the RF spectrum is given by
(134) I(ω →∞) = (1/af − 1/a)
2
4pi2ω
√
mω/~(1/a2f +mω/~)
C .
The RF spectrum therefore decreases like ω−5/2 at frequencies ω  ~/ma2f . The behavior
found in Eq. (133), in turn, is recovered in the regime ω  ~/ma2f which always applies
in the limit of negligible final state interactions af → 0. For finite af , the asymptotic
ω−5/2 decay guarantees that the RF spectrum has a first moment which is not sensitive
to the range of the interactions. The resulting average clock shift [49, 174]
(135) ω¯ =
∫
dω ωI(ω)∫
dω I(ω)
=
~ C
4pimn2
(
1
a
− 1
af
)
is again determined by the contact coefficient C. In the special case of equal scattering
lengths a = af of the initial and final states with the unperturbed state |1〉, both the
high-frequency tail in Eq. (134) and the clock shift (135) vanish identically. In this case,
the RF spectrum just consists of an unshifted peak I(ω) = n2δ(ω), because the RF pulse
merely rotates |2〉 and |3〉 in spin space [174]. The result (135) has played an important
role in understanding an initially surprising observation in the RF shift of Fermi gases at
a finite imbalance [176]. In fact, this shift did hardly change between the balanced super-
fluid and a normal state beyond a critical value of the imbalance, where superfluidity is
destroyed by the large mismatch of the Fermi energies. Now, combining Eq. (135) with
the result s = C/k4F ' 0.1 for the dimensionless contact density of the balanced gas at
unitarity 1/a = 0 from section 2.2, gives a positive clock shift ω¯ ' −0.46 vF /af > 0 due
to the negative final state scattering length af = a13 < 0. In the strongly imbalanced
limit of a vanishing density n2 = k
3
F,↓/(6pi
2)→ 0 of minority atoms which are transferred
by the RF pulse, the contact density C = s˜ k3F,↓kF,↑ vanishes linearly with the minority
density n2. The associated coefficient s˜ has been calculated from a variational solution
of the Fermi polaron problem [76] and turns out to be s˜ ' 0.08 at unitarity. The clock
shift therefore approaches ω¯ ' −0.43 vF,↑/af in the strongly imbalanced limit which is
close to the value in the balanced gas. Clock shifts are therefore a measure of the con-
tact, i.e. the probability of finding Fermions of opposite spin close together, but not of
superfluidity. In fact, as discussed below Eq. (87), the contact is only weakly affected by
the superfluid transition.
An extension of the result (134) for the asymptotics of the RF spectrum to strongly
interacting Fermi gases in two dimensions has been derived by Langmack et.al. [177]. In
this case, a non-vanishing final state interaction gives rise to logarithmic corrections
(136) I(ω →∞) = ~ ln
2(E′d/Ed)
4pimω2
[
ln2(ω/E′d) + pi2
] C
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Fig. 13. – RF spectrum for the continuum of bound-free transitions in a two dimensional Fermi
gas at ln (kF a2) ' −0.55. The threshold for breaking a molecule is at ω = Ed. Experimental
data from [149] are the gray dots, the full line is the theory prediction [177].
to the naive 1/ω2 scaling expected from dimensional analysis as in (133). They involve
the two-body binding energies Ed = ~2/(ma22) and E′d = ~2/(ma′22 ) associated with
the 2D scattering lengths in the initial and final state (26). The logarithmic corrections
are a consequence of the violation of scale invariance due to the cutoff dependence of
the bare coupling constant g¯2(Λ) discussed in Eq. (112) above. Experimentally, these
corrections show up in the RF spectrum of a collection of essentially decoupled 2D
Fermi gases which are generated by adding a deep 1D optical lattice to a cloud of 6Li
atoms [149]. At the 3D Feshbach resonance, the binding energy of a two-body bound
state is Ed = 0.244 ~ωz [4]. For the parameters used in the experiment, this is about six
times the Fermi energy. The confined, resonant Fermi gas is therefore essentially in the
BEC limit, with a dimensionless coupling constant ln (kFa2) ' −0.55. Due the strong
final state interactions with a′2 ' 0.32 a2, the detailed form of the dissociation spectrum
exhibits a smooth onset ∼ 1/ ln2[(ω − Ed)/E′d] near the threshold ω = Ed instead of a
jump associated with the one in the 2D density of states [177]. Moreover, this factor also
leads to a decay of the RF spectrum at large frequencies which is faster than the 1/ω2
tail obtained in a Fermi golden rule approach. As shown in Fig. 13, both features are
consistent with experiment. The detailed form of the RF spectrum thus provides a clear
signature of the violation of scale invariance in 2D.
(26) The expression ~2/ma22 for the binding energy is consistent with the value (113) of the 2D
scattering length only for very weak binding at negative values of a, where a2 is exponentially
large. In turn, for 0 < a `z, the binding energy approaches the 3D result ~2/ma2 while the 2D
scattering length which describes the interaction of particles in the continuum, is exponentially
small. For a discussion, see section V.A in [4].
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4
.
2. Quantum limited viscosity and spin diffusion. – A quite unexpected connection be-
tween the physics of ultracold atoms and recent developments in field theory has opened
up with the realization that not only equilibrium but also transport properties of the
unitary Fermi gas exhibit universal features [178, 88]. An example, discussed already in
section 3.4, is the vanishing of the bulk viscosity. More generally, it turns out that the
existence of universal scaling functions associated with the zero density quantum critical
point of the unitary gas implies that transport coefficients like shear viscosity or the spin
diffusion constant exhibit minimal values which are determined only by the mass of the
particles and constants of nature like ~ and kB .
Experimentally, transport in strongly interacting Fermi gases has been investigated
by J. Thomas and coworkers and by M. Zwierlein and his group who have measured the
shear viscosity and the spin diffusion constant, respectively. The latter can be determined
from the late stage equilibration dynamics of two initally separated spin components of
the unitary gas [169]. The diffusion constant is a decreasing function of temperature,
reaching a minimum close to, but still above, the superfluid transition. By extracting a
spin diffusivity of the homogeneous system from the measured trap-averaged data, the
minimum value is Ds ' 1.3 ~/m. Similar results have been obtained in recent measure-
ments of transverse spin diffusion by J. Thywissen and coworkers in 3D and by M. Ko¨hl
et.al. in 2D Fermi gases. The associated diffusion constant D⊥s is obtained from the
decay of a magnetization m = m e due to an inhomogenity of its direction e(x, t) at con-
stant magnitude m ∼ n↑ − n↓. In the 3D case, the transverse spin diffusion constant of
an initially fully polarized Fermi gas approaches a minimum value D⊥s ' 1.1 ~/m at the
lowest temperature T ' 0.25TF [179], consistent with theoretical results based on a so-
lution of the quantum kinetic equation [180]. In 2D, a much lower value D⊥s ' 0.006 ~/m
is found [181], for which no quantitative explanation has been given so far. The shear
viscosity of the unitary Fermi gas has been determined from the damping of the radial
breathing mode [182] or the precise time dependence of the inversion of the aspect ratio
in the expansion of the gas from a strongly anisotropic trap [183]. As a consequence of
scale invariance, the aspect ratio exhibits an elliptic flow while the mean square radius
expands ballistically. This provides a direct signature of the vanishing bulk viscosity
of the unitary gas [184]. In addition, the power law dependence η(T ) ∼ T 3/2 in the
non-degenerate limit, where the Boltzmann equation applies [185], has been verified in
the temperature range above ' TF . Using the precision data for the equation of state
discussed in section 3.2, recent measurements have succeeded to obtain the local shear
viscosity as a function of density and temperature from trap-averaged results. The min-
imum value in the normal state just above the superfluid transition is η ' 0.5 ~n [186]
(27). In terms of the kinematic viscosity ν = η/ρ = Dη, this implies a shear diffu-
sion constant Dη ' 0.5 ~/m. A qualitative argument for the fact that various diffusion
(27) In the superfluid, the measured shear viscosity continues to decrease, showing no sign of
the expected eventual rise as T → 0. For a discussion see below.
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constants of the unitary Fermi gas at low temperatures exhibit a minimum value of or-
der ~/m can be given within kinetic theory, where Dkin = 〈v〉`/3 is determined by an
average velocity times the relevant mean free path `. At low temperatures, 〈v〉 must
clearly be of order vF = ~kF /m. Moreover, for a unitarity limited interaction, the mean
free path is expected to be bounded below by the mean interparticle spacing. This gives
` ' 1/kF and thus a diffusion constant of order ~/m. While correct on purely dimensional
grounds, the argument is based on kinetic theory which only applies if the quasiparticles
whose transport leads to equilibration are well defined. In the relevant regime, where the
diffusion constants take their minimal values, this is not a valid assumption, however.
Indeed, the minima appear within the quantum critical regime above the zero density
quantum critical point discussed in section 3.1. As will be shown below, the appearance
of universal values for the transport coefficients of the unitary gas is a consequence of
the universality of scaling functions and amplitude ratios associated with this quantum
critical point rather than a simple saturation of some ill defined mean free path. Specifi-
cally, the spin diffusion constant is related to a spin conductivity σs and the equilibrium
spin-susceptibility χs by an Einstein relation Ds = σs/χs [169]. Near the zero density
quantum critical point µ = T = 0 both σs = fσ/(~λT ) and χs = fχ/(kBT λ3T ) can be
expressed in terms of universal scaling functions fσ,χ(x = βµ). Their ratio exhibits a
minimum at xmin ' 0.3 within the quantum critical regime which gives rise to a univer-
sal prefactor of the spin diffusion constant Ds = (2pi fσ/fχ)min ~/m. On a quantitative
level, the observed temperature dependence and minimum value Ds ' 1.3 ~/m can be
explained by evaluating the exact Kubo formula within a Luttinger-Ward approach [187].
Part of the motivation to study the shear viscosity or spin diffusion constant of the
unitary Fermi gas did arise from the observation that universal numbers in transport
appear in scale invariant relativistic quantum field theories like the N = 4 supersym-
metric Yang-Mills theory, whose shear viscosity to entropy density ratio turns out to be
η/s = ~/(4pikB) [188]. Perturbations away from this exactly soluble model give rise to
larger values of η/s. Kovtun, Son and Starinets (KSS) have thus conjectured that the
constant ~/(4pikB) is a lower bound on the shear viscosity to entropy density ratio for
a large class of strongly interacting quantum field theories [189]. Remarkably, despite
some formal counterexamples [190], the KSS conjecture turns out to be valid for all flu-
ids that are known in nature (28). This observation has motivated a search for ’perfect
fluids’ which realize or a least come close to the KSS bound. As will be shown below,
the ratio η/s for the unitary Fermi gas is a factor of about seven above this bound, a
value close to that of the quark-gluon plasma [191]. The unitary Fermi gas therefore
appears to be the most perfect among all non-relativistic fluids that have been studied
so far. For a further discussion of relativistic theories and - in particular - the possibility
(28) It holds even for water, where both η and s in the regime where η/s exhibits its minimum
are determined by classical physics. For a simple argument why the mininum value of η/s for
water is only a factor ' 25 above the KSS bound - which contains ~ - see Appendix A in [54].
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of obtaining exact results for transport coefficients of strongly coupled field theories via
the AdS-CFT correspondence, see the reviews by Sachdev [192] and by Adams et.al. [193].
For the unitary gas at fixed density n = k3F /(3pi
2), purely dimensional arguments
require the static shear viscosity to be of the form [88]
(137) η(T ) = ~nα(θ)
where θ = T/TF is the dimensionless temperature and α(θ) a universal scaling function.
In the high temperature limit, where transport coefficients can be calculated using a
Boltzmann equation, this function is actually fixed up to a numerical constant of order
one. This is based on the counter-intuitive but well known fact that the viscosity of a
classical gas is independent of its density [194]. Due to TF ∼ n2/3, the prefactor ∼ n
in (137) is cancelled if and only if α(θ  1) ∼ θ3/2. At sufficiently high temperatures,
therefore, the shear viscosity of the unitary gas increases like T 3/2. From the explicit
solution of the Boltzmann equation or the classical limit of the relevant Kubo formula,
the precise result turns out to be [185, 54]
(138) ηcl(T ) =
45pi3/2
64
√
2
~n
(
T
TF
)3/2
=
15pi
8
√
2
~
λ3T
.
Note that ηcl scales like 1/~2, provided the assumption of zero range s-wave scattering
remains valid at temperatures above ' 2TF , where (138) applies. At low temperatures
θ . 0.16, the unitary Fermi gas is a superfluid. Contrary to naive expectations, a
superfluid is not a ‘perfect fluid’ despite the fact that there is a vanishing viscosity here.
In particular, superfluids do not provide trivial counter-examples to the KSS conjecture.
Indeed, according to the Landau two-fluid picture, any superfluid can be thought of
as a mixture of a normal and a superfluid component (29). The latter has both zero
entropy and zero viscosity, so η/s is undefined. In turn, the normal component which
is present at any finite temperature, has a non-vanishing entropy and viscosity. In the
context of superfluid 4He, this viscosity was calculated by Landau and Khalatnikov in
1949 [196]. In the low temperature, phonon-dominated regime, the shear viscosity of
the normal component grows like T−5 because the mean free path for phonon-phonon
collisions, which are necessary for the relaxation of shear, diverges. Specifically, with
the assumption that the phonon dispersion has negative curvature and thus no Beliaev
decay is possible, Landau and Khalatnikov have shown that the low temperature shear
(29) For the unitary Fermi gas, the two-fluid picture has been verified nicely through the obser-
vation of second sound, which is a relative oscillation of the normal and superfluid component
at constant pressure [195].
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viscosity is given by
(139) η(T → 0) = ρn(T ) ρ
2c3s
~2
213(2pi)7
9(13)!(u+ 1)4
(
~ cs
kBT
)9
.
Here ρn(T ) = (2pi
2~/45cs)(kBT/~cs)4 is the mass density of the normal fluid while
u = d ln cs/d lnn is the dimensionless strength of the non-linear corrections to the
leading-order quantum hydrodynamic Hamiltonian which lead to phonon-phonon scat-
tering [114]. The viscosity of the normal fluid component thus asymptotically diverges
like T−5. As realized by Rupak and Scha¨fer [197] a similar result is expected to hold for
the unitary Fermi gas. Indeed, at temperatures far below Tc, the microscopic nature of
the superfluid is irrelevant and the linearly dispersing Bogoliubov-Anderson phonons are
the only excitations that remain. The result (139) therefore applies also to the unitary
Fermi gas, provided the exact values of the sound velocity cs and coupling constant u are
inserted. At unitarity, the sound velocity cs = vF
√
ξs/3 ' 0.36 vF ∼ n1/3 is directly pro-
portional to the Fermi velocity vF with a prefactor, which is determined by the Bertsch
parameter ξs ' 0.37. The dimensionless coupling constant u = d ln cs/d lnn which fixes
the strength of the phonon-phonon scattering amplitude thus has the universal value
u = 1/3. Together with the low-temperature expression s = 2pi2kB (kBT/~cs)3/45 for
the entropy density of a scalar phonon field, Eq. (139) implies that the viscosity to
entropy density ratio
η(T → 0)
s(T )
=
~
kB
2.15× 10−5 ξ5s θ−8(140)
of the unitary Fermi gas at temperatures far below the superfluid transition will diverge
as (TF /T )
8. Unfortunately, experiments so far have not been able to observe the pre-
dicted upturn in η(T ) below the superfluid transition, which should eventually display
a 1/T 5 power law in the limit kBT  mc2s ' 0.2TF . This is not too surprising since,
as mentioned in section 3.2, the phonon dominated regime is out of reach even as far as
equilibrium properties are concerned, see e.g. Fig. 9 for the specific heat. Moreover, in
the finite geometry of an anisotropic trap, the effective mean free path is bounded above
by the trap size. As a result, one expects a saturation of the shear viscosity at a finite
value as T → 0 due to finite size effects, similar to what has been observed in the B-
phase of superfluid 3He [198]. The recent experimental data, however, show a monotonic
decrease of the shear viscosity down to the lowest measurable temperatures [186]. A
quantitative understanding of this result has not been given so far and requires a proper
description of the crossover from hydrodynamic behavior in the bulk and a kinetic theory
at the edge of the cloud. The situation is much more clear for superfluid 4He, where the
measured shear viscosity agrees with the theoretical expectation, at least at a qualitative
level. Indeed, in this case, the shear viscosity exhibits a minimum at around 1.8 K just
below the superfluid transition before it starts to rise again [199]. Based on this, it is
quite certain that both the dimensionless shear viscosity η/~n and the ratio η/s of the
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homogeneous unitary gas will exhibit a minimum as a function of temperature, a behav-
ior, which is in fact typical for any fluid [191].
In order to understand the microscopic origin of the minima in both η/s or the
spin diffusion constant for a unitary Fermi gas and the appropriate limit in which these
minima take universal values, it is convenient to switch from a constant density n to a
description with a given chemical potential µ. As shown in Fig. 7, the evolution from
a non-degenerate gas to a superfluid can then be studied at a fixed low temperature
kBT  E¯ by varying the chemical potential from negative values which obey |µ|  kBT
through the quantum critical regime characterized by |µ|  kBT into the superfluid
where µ > 2.46 kBT . It turns out that along such a trajectory both η/s and the spin
diffusion constant Ds exhibit a non-monotonic dependence on x = βµ, with a minimum
in the quantum critical regime. On a microscopic level, transport coefficients are the zero
frequency limits of linear response functions [137]. They may be calculated from first
principles using a Kubo formula. Specifically, both the shear and bulk viscosities follow
from the retarded correlation functions of the stress tensor Πij [54]
χij,kl(q = 0, ω) =
i
~
∫
dt
∫
d3x eiωt θ(t)
〈
[Πˆij(x, t), Πˆkl(0, 0)]
〉
.(141)
The corresponding expression for the spin-conductivity involves the retarded spin-current
correlation function [187]
(142) χjs(q = 0, ω) =
i
~
∫
dt
∫
d3x eiωt θ(t)
〈[
(jˆz↑ − jˆz↓)(x, t), (jˆz↑ − jˆz↓)(0, 0)
]〉
.
The imaginary parts of these functions are odd in ω and determine the frequency depen-
dent shear viscosity and spin conductivity via
(143) Re η(ω) =
Imχxy,xy(q = 0, ω)
ω
and Re σs(ω) =
Imχjs(q = 0, ω)
ω
.
Their static limits η = limω→0 Re η(ω) and σs = limω→0 Reσs(ω) are finite because the
interactions between particles lead to a relaxation of both transverse momentum and
spin currents. In particular, scattering transfers momentum between ↑ and ↓ particles so
that spin currents - in contrast to spin itself - are not conserved. A short time expansion
of the commutators involved in the Kubo formula gives rise to exact sum rules. For the
spin conductivity, this takes the simple form [187]∫ ∞
−∞
dω
pi
Re σs(ω) =
n
m
(144)
of a standard f-sum rule [137]. The related result for the shear viscosity is more subtle.
Indeed, as discussed in the context of RF spectra in section 4.1, zero range interactions
lead to response functions which exhibit a power law decay with a strength proportional
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to the contact density at large frequencies ~ω  εF , kBT [53, 200]. Specifically, the spin
conductivity obeys Reσs(ω) → ~1/2C/(3pi(mω)3/2) [187], a decay which is fast enough
to guarantee a finite f-sum rule. The shear viscosity, in turn, exhibits a power law decay
∼ C/√ω [52]. Thus, already the zeroth order moment of η(ω) diverges. There is, however,
a subtracted sum rule [52, 54, 200]
2
pi
∫ ∞
0
dω
[
Re η(ω)− ~
3/2C
15pi
√
mω
]
= p− ~
2C
4pima
(145)
which relates the integrated frequency dependent shear viscosity at arbitrary values of
the scattering length a to the equilibrium pressure p and the contact density C. The
relation (145) fixes the strength of the power law at large frequencies and may be proven
by using a Ward identity due to momentum conservation [54]. Using the expression (143)
and the fact that the commutators in the Kubo formula are purely imaginary and odd
in time, the dc values of the shear viscosity and spin conductivity of the unitary gas can
be obtained from
(146) η(βµ) =
1
~
∫ ∞
0
dt t gη(βµ, t) and σs(βµ) =
1
~
∫ ∞
0
dt t gσ(βµ, t) .
The underlying time dependent correlation functions
(147) gη(βµ, t) = i
∫
x
〈[
Πˆxy,xy(x, t), Πˆxy,xy(0, 0)
]〉
and the analogous function gσ(βµ, t) for the spin conductivity, which is obtained by
replacing the stress tensor Πˆxy,xy in (147) with the spin current density operator jˆ
z
↑ − jˆz↓ ,
are real and odd in t. Now, as discussed in section 3.1, the existence of the zero density
fixed point µ = T = 1/a = 0 implies that both static and time dependent correlation
functions of an ultracold, dilute gas near unitarity can be expressed in terms of universal
scaling functions. Suppressing the relevant variable ν = −a¯/a by confining the discussion
to the situation precisely at infinite scattering length, the analog of Eq. (97) for the one-
particle density matrix reads
(148) gη(βµ, t) =
1
β2λ3T
Φη (βµ, t/β~) and gσ(βµ, t) =
1
(β~)2λT
Φσ (βµ, t/β~)
where Φη(x, y) and Φσ(x, y) are dimensionless, universal scaling functions. This result,
which is the underlying microscopic basis for understanding the appearance of universal
numbers for the transport coefficients of the unitary Fermi gas is based on one crucial
assumption beyond the existence of the fixed point shown in Fig. 7: it is the assumption
that the correlation functions defined microscopically in Eq. (147) are finite in the zero
range interaction limit. As a result, they do not exhibit an anomalous dimension and
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the prefactors in (148) are fixed by simple dimensional analysis. Combining Eqs. (146)
and (148) then allows to express the transport coefficients
(149) η(βµ) =
~
λ3T
fη(βµ) and σs(βµ) =
1
~λT
fσ(βµ)
of the unitary gas in terms of dimensionless scaling functions fη(x) and fσ(x), which
are defined in an obvious manner via the associated integrals of Φη and Φσ over the
dimensionless time variable y = t/(β~). The requirement of a finite static shear viscosity
and spin conductivity apparently requires the functions Φη and Φσ to decay faster than
1/t2. More precisely, the expected singularity of Re η(ω) = η(ω = 0) + bη
√
ω + . . . at
low frequencies [54] implies that gη(t→∞) = −3~ bη/(
√
8pi t5/2) exhibits an asymptotic
power law decay. Based on Eq. (149), it is now straightforward to discuss the qualitative
behavior of the shear viscosity and spin diffusion constant between the limits of a non-
degenerate gas and the superfluid. In the former limit, where x −1, the shear viscosity
is given by Eq. (138) and thus fη(x  −1) = 15pi/8
√
2 ' 4.17 is a constant. Similarly,
the Boltzmann equation result [169, 187]
(150) σcls (T ) =
9pi3/2
32
√
2
~n
mkBTF
(
T
TF
)1/2
=
3
8
√
2
1
~λT
for the spin conductivity implies fσ(x  −1) = 3/8
√
2 ' 0.27. Deep in the superfluid,
the divergence of the shear viscosity described by Eq. (139) gives rise to a power law
increase fη(x  1) = 0.005x13/2. The spin conductivity, in turn, is expected to stay
finite [201]. As a result, fσ(x  1) ∼
√
x is again an increasing function of x with a
prefactor which has apparently not been calculated so far. For intermediate values of x,
quantitative results for the scaling functions fη,σ(x) are available only in the normal fluid
regime x . 2.5. They are based on a diagrammatic evaluation of the exact Kubo-formula
within a Luttinger-Ward approach [54, 187]. The formalism is consistent with the exact
sum rules in Eqs. (144) and (145). Moreover, it respects all symmetries of the problem.
In particular, the requirement of a vanishing bulk viscosity due to scale invariance is
fulfilled exactly [54]. The results show that both fη(x) and fσ(x) are monotonically
increasing functions of x, with fη(0) ' 4.76 at x = 0 and fη(xc) ' 11 at the superfluid
transition xc ' 2.46 (30). To determine the ratios η/s and Ds = σs/χs, one needs the
corresponding behavior of the entropy density s and the spin susceptibility χs. Similar
to (149), they can again be expressed in terms of universal scaling functions
(151) s(βµ) =
kB
λ3T
fs(βµ) and χs(βµ) =
1
kBT λ3T
fχ(βµ) ,
(30) The value xc ' 2.46 and the associated critical temperature θc ' 0.16 obtained from the
universal function θ(x) are taken from the Luttinger-Ward approach discussed in section 3.3.
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which is a simple consequence of dimensional analysis because neither s nor χs exhibit
an anomalous dimension. Using the Gibbs-Duhem relation, the scaling function for
the entropy density is related to the function fp(x) = fp(x, 0) introduced in (72) by
fs(x) = 5fp(x)/2 − x ∂xfp(x). Now, at least in the limits of a non-degenerate gas and
deep in the superfluid, these functions are again known exactly. Regarding fχ(x), the
results χcls = n/kBT for a non-degenerate gas and χ
SF
s ∼ exp (−2∆/kBT ) far below Tc
imply that fχ(x  −1) = 2 exp (−|x|) due to nλ3T = 2 exp (βµ) + . . . to leading order
in the fugacity, while fχ(x  1) ∼ exp (−2.5x) since the ratio of the zero temperature
gap ∆ ' 0.46 εF and the chemical potential µ(T → 0) ' 0.37 εF is 2∆/µ ' 2.5. In
both limits therefore, the scaling function fχ(x) vanishes exponentially. As a result,
it necessarily exhibits a maximum Max fχ ' 1.65 which appears in the normal fluid
regime at θ ' 0.3 [187] or x ' 1.1. A similar behavior is obtained for the scaling
function associated with the entropy density, whose maximum Max fs ' 18.2 is reached
close to the superfluid transition at xc ' 2.46 [202]. The limiting results in the non-
degenerate regime are fs(x  −1) = 2|x| exp (−|x|), while fs(x  1) ∼ 1/x3/2 deep in
the superfluid. This follows from the asymptotic dependence s(T ) ∼ kB (kBT/~cs)3 of
the entropy density in the phonon dominated regime with sound velocity cs =
√
ξs/3 vF .
Apart from universal constants, the ratios
(152)
η
s
=
~
kB
fη(βµ)
fs(βµ)
and Ds = 2pi
fσ(βµ)
fχ(βµ)
· ~
m
therefore depend only on the dimensionless parameter x = βµ or - equivalently - on the
dimensionless temperature scale θ = T/TF =
(
8/(3
√
pi nλ3T )
)2/3
. It is a monotonically
decreasing function of x with θ(x = 0) ' 0.62 from Eq. (83) and θ(x 1) = ξs/x. The
fact that both fs(x) and fχ(x) exhibit a pronounced maximum as x is varied between the
non-degenerate limit x −1 and the superfluid at x 1, while the functions fη(x) and
fσ(x) are monotonically increasing, necessarily implies minima of order ~/kB or ~/m for
the shear viscosity to entropy density ratio or the spin diffusion constant. The associated
prefactors are ratios of scaling functions. They are therefore universal numbers which
characterize the quantum critical point of the unitary Fermi gas. In quantitative terms,
the results for both η/s and Ds in the normal fluid phase of the unitary gas are shown
in Fig. 14, where the standard scaling variable βµ has been converted to the dimension-
less temperature θ. Evidently, both ratios exhibit a shallow minimum above the critical
temperature of the superfluid transition (31) The minimum value η/s ' 0.6 ~/kB is a
factor of about seven above the KSS bound. It is reached near θ ' 0.35 or x ' 0.9.
For the spin diffusion constant the corresponding values are Ds ' 1.3 ~/m at θ ' 0.5 or
x ' 0.3. As emphasized above, these minima appear within the quantum critical regime,
where the unitary gas is a strongly coupled system with no proper quasiparticles. The
concept of a mean free path is therefore not applicable. This can be inferred in a direct
(31) The unknown behavior of the scaling functions close to the transition is therefore - fortu-
nately - not relevant in determining the numerical values at the minimum.
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Fig. 14. – Left: Shear viscosity to entropy density ratio of the unitary Fermi gas within the
Luttinger-Ward approach (from Ref. [54]). Right: The corresponding result for the spin diffusion
constant, including a quantitative comparison with experimental data ( from Ref. [187]).
form from the detailed behavior of the frequency dependent shear viscosity Re η(ω). It
has a Drude like peak at high temperatures T & 2TF where the Boltzmann equation
applies, while it is a rather structureless, monontonically decaying function of frequency
in the quantum critical regime [54]. Note that Eq. (152) implies universal ratios η/s and
Ds = σs/χs also if the temperature is lowered along the line µ ≡ 0, where θ ' 0.62.
The associated amplitudes, however, are larger than those at xmin. The minimum values
of η/s or Ds are therefore realized by approaching the zero density fixed point along
lines of finite slope, where both T and TF vanish at a unique ratio T/TF = θ(xmin). In
quantitative terms, the difference is small, however, as is evident from the rather shallow
minima in Fig. 14. This is consistent with a calculation of the shear viscosity at µ = 0
within a 1/N - expansion [92]. Extrapolating to N = 1, the viscosity to entropy ratio
η/s = ~/kB · fη(0)/fs(0) ≈ 0.74 ~/kB at µ = 0 turns out to be close to the minimum
value ' 0.6 ~/kB attained at xmin ' 0.9.
The discussion above shows that the universality for transport coefficients of the
unitary Fermi gas can be extended by considering further dimensionless ratios like η/~n.
Combining the results in Eqs. (73) and (149), the dimensionless shear viscosity
(153)
η
~n
=
fη(βµ)
fn(βµ)
= α(βµ)
is again determined by the ratio of two universal scaling functions. The well known degen-
erate gas limit, where nλ3T = 2z shows that fn(x −1) = 2 exp (−|x|) vanishes exponen-
tially. Deep in the superfluid, the zero temperature equation of state n(µ) ∼ (µ/ξs)3/2
fixes the scaling function to increase like fn(x  1) ∼ x3/2. Since fη approaches a con-
stant at large negative x and increases faster than fn for x 1, the ratio fη/fn has again
a minimum. Within the Luttinger-Ward approach, it turns out that the minimum value
η/~n ' 0.37 is reached below the superfluid transition at x ' 2.85 or θ ' 0.13 [202].
76 Wilhelm Zwerger
Apart from the predicted eventual increase of α(θ) at very low temperatures which is
not seen experimentally, this is consistent at least with the observation, that the shear
viscosity continues to decrease below the superfluid transition, where ηc ' 0.5 ~n [186].
Clearly, the understanding of dynamical properties is still incomplete and many ques-
tions remain open. Yet, strongly interacting, ultracold Fermi gases have opened a new
area in many-body physics whose implications reach far beyond the field of dilute gases.
In particular, they provide a unique opportunity to study well defined model systems in
which a quantitative comparison between theory and experiment is possible.
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